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ABSTRACT 

With the goal to comprehend the biological responses of bacteria exposed to nano-

drugs in a spatiotemporally organized biological system, this work presents a 
mathematical model that was developed quantitatively. Non-linear population 
dynamics, migration, spatiotemporal drug transport and degradation, and 

regulation based on treatment outcome are all considered in the formulation. This 
study investigates trajectory analysis, network analysis, equilibrium, and stability of 
parameters, in contrast to previous approaches that just assess the impact of 

therapy based on concentration data. The non-dimensional form is used to identify 
dominating factors influencing system evolution and to assess the conflict between 
biological and transport phenomena on the same scale. While the spatial method 

shows the variety in drug concentration and distribution, numerical trajectories 
show bounded population behaviors and changes in the community's structure 
throughout treatment. Stability analysis may be used to discover parameter areas 

that correlate to robust and stable communities, while sensitivity analysis can be 
used to establish which parameters have the biggest impact on treatment results. 
Therapy regimens may be compared from several angles using a composite 

indicator of therapeutic response. In order to analyze microbial composition, 
exposure, and dynamic stability, this work's most significant novelty is the 
integration of the dynamic character of ecology with spatial drug transport and 

network factors inside a single mathematical modeling framework. A 
mechanistically based model for treatment-induced community changes has been 
made possible by the findings. 
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1. Introduction 

The relationship between human health and nutrition has increasingly attracted the attention of numerous 
researchers over recent years. The foods we consume influence our bodies in various ways, including immune 
function, energy levels, and disease risk. However, the specific mechanisms through which food impacts our 
bodily systems remain inadequately understood (Li et al., 2024). For numerous years, researchers have been 
studying it and have uncovered different theories and findings that enhance our understanding of the 
relationship between diet and human health. A particularly important factor in this context is the gut microbiome 
(Culp & Goodman, 2023). The progress in metagenomics, metabolomics, and systems biology has 
demonstrated that the gut microbiome functions as a complex ecological network, with its architecture 
continually altering in response to environmental stresses, dietary consumption, illness states, and drugs. 
However, despite the quick collection of biological data utilizing improved technologies, the interpretation of 
these findings remains difficult (Luo et al., 2024). 

However, because of the temporal and geographical variability along the human gut caused by a dynamic 
interaction between the host, microbes, and environment, this is still difficult (Geng et al., 2021). According to 
biomathematics, the gut microbiome is a complex adaptive system made up of a community of interacting 
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microbial species linked by competitive and collaborative interactions, metabolites exchange, and host 
organism control. Mathematical models allow us to measure the dynamics of microbial populations, evaluate 
the intensity of connections, identify network hubs, and forecast community behavior in the face of external 
disturbances (Lange et al., 2024). Notably, network analysis approaches have proven to be highly successful 
in the study of large-scale microbiome datasets (Luo et al., 2024). 

The formation of infection is significantly influenced by stochastic effects resulting from spatial factors, 
such as the local availability of target and immune cells, which can result in various infection outcomes (Sego 
et al., 2020). For instance, models that characterize microbial-microbial interactions without taking time 
dependency into account include similarity-based and rule-mining (Zhang et al., 2018). Many classical 
compartmental models overlook these spatial characteristics, resulting in model predictions that are less 
accurate for use in biological systems. Recent research has focused on the need for spatiotemporal modeling 
tools that can help capture microorganisms’ mobility, diffusion processes, colonization, and localized treatment 
reactions (Urtecho et al., 2024). The physicochemical properties of nano-drug carriers allow for increased 
bioavailability, regulated drug delivery, targeted localization, and efficacy. According to recent studies, 
nanotherapies interact with gut bacteria to alter the organization of the microbiota population in addition to 
affecting host tissues (Garbati et al., 2024).  

In order to describe these mechanisms quantitatively, the microbiome must be viewed as a coupled 
nonlinear dynamic system in which network dynamics, population dynamics, and spatial movement all occur 
simultaneously (Simonson et al., 2025). Because it links modified Lotka-Volterra equations for microbial 
population dynamics with reaction diffusion advection equations and the adaptive interaction network, the 
suggested theoretical framework mathematically expands on earlier models of the microbiome. We can 
examine the trajectories, gradients, equilibria, and network changes in the same state space using such a 
model framework. In order to examine the response and perturbation effects, we thus consider the application 
of therapeutic treatment as a dynamic forcing function, not only the concentration. Additional quantitative 
indications of system behavior include normalized sensitivity coefficients, topological features of the network, 
and Jacobian-based stability analysis. Additionally, the multidimensional therapeutic response can be reduced 
to a numerically analyzable number using the Therapeutic Response Index (TRI). As a result, this framework 
integrates network theory, spatial processes, and nonlinear dynamics into a single biomathematical model. 

2. Research Objective of Study 

The purpose of this study is to examine the effects of non-linear population interaction, migration, drug 
dispersion in space, drug degradation, and microbial effects. In order to offer a quantitative analysis of the 
microbial response to treatments and the mechanisms causing it, particular attention will be paid to changes in 
the community structure, stability, spatial distribution, and sensitivity of factors. 

3. Literature Review 

Several studies have shown that the effects of a person’s food on the immune system, gut microbiota, and 
other bodily systems and the connections between these systems have also been thoroughly explained in this 
study piece. Many researchers have looked into the many biological mechanisms and pathways to explain how 
these systems have affected the sickness and general health of the body, rather than only looking at broad 
correlations between them (Gupta et al., 2025). Study focused on the function of microorganisms, and it was 
emphasized that the microbiome functions as a biochemical factory that is useful in generating substances that 
have a direct impact on host pathway signaling and microbial metabolites affect hormone synthesis, glucose 
metabolism, and hunger control (Alzubadi, 2025). Scholars have extensively used computational and 
mathematical modeling tools to understand complex biological processes. It was discovered that these 
advanced computational and mathematical models assist researchers in predicting interactions between 
microorganisms and immune system (Hadjigeorgiou et al., 2025). According to Luo et al. (2024), the network 
biology framework is an effective tool for connecting the mechanistic and machine learning approaches 
because it preserves interaction linkages while allowing for comprehensive data integration. This study 
underlined the significance of network topology as a strategy for identifying major microbe regulators and 
organizational patterns in microbial communities. Research shows that Gonzalez-Garcia et al. (2025) 
developed mechanistic microbiome models clearly incorporate biological assumptions, resulting in greater 
interpretability and prediction than statistical modeling alone. These models have proven particularly beneficial 
in studying host-microbiome interactions and ecological stability. It has been established that graph-theoretic 
representations of the dataset outperform feature-based algorithms at capturing highly connected microbiome 
data. This underlines the importance of network science in microbiome investigation and highlights the need to 
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incorporate graph dynamics into the therapeutic modeling framework (Irwin et al., 2024). Experimental studies 
have revealed that the distribution of microbial communities along the gastrointestinal tract is non-uniform, and 
that ecological niches exist, resulting in the development of region-specific communities. According to Urtecho 
et al. (2024), the process of colonization by microbial communities exhibits considerable spatiotemporal 
dynamics that cannot be represented using non-spatial models. Nano-drug transport systems have been shown 
to increase drug targeting efficiency, improve control over drug release, and reduce toxicity (Garbati et al., 
2024). Some experiments have shown that nanomaterials can have a considerable impact on microbial 
communities and their metabolic activity, the majority of current research on the topic is descriptive rather than 
quantitative. Recent research has highlighted the significance of microbial interaction networks in regulating 
inflammation, metabolism, and therapeutic response. The communication between bacteria, metabolic 
cooperativity, and competitive exclusion are all significant factors in determining ecosystem resilience and 
response to drugs (Lawing & Bleich, 2025). According to research, existing models continue to be inadequate 
since they are limited to studying microbial interaction networks, temporal characteristics, spatial disparities, 
and treatments separately (Sieders et al., 2025). The relationships can be described using statistical and 
machine learning-based approaches, but they offer very little mechanistic insight into nonlinear feedbacks, 
parameter dependencies, equilibria, and dynamical stability. Similarly, certain transport models cannot take the 
produced exposure field into account when adjusting microbial interaction coefficients. Therefore, when 
population dynamics, transport, adaptive network dynamics, and treatment forces interact in a system, there is 
a mathematical gap in the formulation of the coupled dynamics. By combining all of the previously described 
mathematical components into a unified spatiotemporal framework for evaluating the impact of treatments on 
gut microbiota dynamics, the current study seeks to close this gap. 

4. Research Methodology 

The suggested model is expressed in terms of a nonlinear dynamical coupled system with theoretically 
well-defined state constraints and biologically plausible assumptions. The generalized Lotka-Volterra 
coefficients have been used to represent the microbial interactions, and a one-dimensional heterogeneous 
domain has been used to account for the spatial variation. The reaction-diffusion-advection process of nano-
drug transport allows for the independent consideration of diffusion, directed motion, degradation, and release 
as contributing factors in the system dynamics. The model takes into account that the concentration of 
pharmaceuticals and bacteria is non-negative, and that the carrying capacities and interaction rates for 
controlling the growth rate of microbes vary gradually. 

4.1. Formulation of Model 

Consider meta-community dynamics in the simplest chain network, which consists of two patches: an 
upstream and a downstream patch. If an upstream species 𝑘 consumes a resource that a downstream species 
𝑖 needs, it will have a negative influence on the downstream species growth (negative 𝑎𝑖𝑘). Beneficial 

byproducts produced by species 𝑘 in the upstream community have a favorable effect on the growth of species 

𝑖 in the downstream patch (positive 𝑎𝑖𝑘). A generalized Lotka-Volterra (gLV) model was used to explain the 
dynamics of species 𝑖′𝑠 abundance (𝑖 = 1, . . ., 𝑁) in patch 𝑗, where 𝑗 = 1,2 denotes up- and downstream 
patches, respectively. 

𝑑𝑥𝑖1

𝑑𝑡
= 𝑥𝑖1(𝑟𝑖1 + ∑ 𝑎𝑖𝑘𝑥𝑘1)𝑁

𝑘=1                             (1) 

𝑑𝑥𝑖2

𝑑𝑡
= 𝑥𝑖2(𝑟𝑖2 + ∑ 𝑎𝑖𝑘(𝑥𝑘1 + 𝑥𝑘2)𝑁

𝑘=1                            (2) 

where 𝑁 is the maximum number of species in a patch, represents species 𝑖′𝑠 abundance in patch 𝑗, is 
the intrinsic growth rate of species 𝑖 in patch 𝑗, and 𝑎𝑖𝑘 represents the net interaction from species 𝑘 to 𝑖. 
Although gLV models reflect species interactions phenomenological, we assume that all species interact 
indirectly, such as secreting or absorbing chemical substances that are not explicitly specified in the model. To 
simplify, we scaled the interaction parameters so that 𝑎𝑖𝑖 = −1 for all 𝑖. This ensures that the abundance of 

species 𝑖 in patch 𝑗 is 𝑥𝑖𝑗
∗ = 𝑟𝑖𝑗 at equilibrium in monoculture. This formulation just contains the patches upstream 

and downstream. The gut’s governing equation becomes 

𝜕𝑀𝑖

𝜕𝑡
= 𝑓𝑖(𝑀) + 𝐷𝑖∇

2𝑀𝑖 + 𝑇𝑖(𝑀, 𝑁)                (3) 

The gastrointestinal system has a high degree of heterogeneity due to changes in pH, nutrition, oxygen 
concentration, mucin content, and host immunity. As a result of this heterogeneity, microorganisms are unevenly 
distributed along the digestive axis. To reflect biological reality, the gut system is represented as a spatially 
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distributed system in which the microbial population varies across time and space. 

4.1.1. Generalized Lotka-Volterra Model 

This model is represented by the following equation: 

𝑑𝑛𝑖(𝑡)

𝑑𝑡
=

𝑟𝑖

𝑘𝑖
𝑛𝑖(𝑡)[𝑘𝑖 − 𝑛𝑖(𝑡) − ∑ 𝛼𝑖𝑗𝑛𝑗(𝑡)𝑗𝜖𝜕𝑖 ] + ξ𝑖(𝑡)                      (4) 

𝑛𝑖(𝑡) indicates the abundance of species at time 𝑡, while 𝜕𝑖 represents the set of species that interact with 
species 𝑖. We will focus on random graphs where the cardinality of 𝜕𝑖 is fixed and equal to 𝑘𝑖 = 3 for all 𝑖′𝑠. 
However, the approaches we utilize can be applied with no modification to a Poissonian distribution of the 
connectivities 𝑘𝑖′𝑠. The factors 𝑟𝑖 and 𝑘𝑖 are respectively the intrinsic growth rate and carrying capacity of 

species 𝑖, while ξ𝑖(𝑡) represents a Gaussian multiplicative noise with zero mean and covariance. 

〈ξ𝑖(𝑡)ξ𝑖(𝑡^)〉 = 2𝑇𝑛𝑖(𝑡)𝛿𝑖𝑗𝛿(𝑡 − 𝑡^)           (5) 

By enhancing Lotka-Volterra model for nano-drug therapeutics, the equation becomes 

𝜕𝑁

𝜕𝑡
= 𝐷𝑁∇2 − 𝑣

𝜕𝑁

𝜕𝑥
− λ𝑁                 (6) 

In addition to microbial dissemination, therapeutic nanocarriers move spatially by diffusion, intestinal 
advection, and metabolic breakdown. The latter parameters influence the spatial concentration of drugs and 
thus play an essential role in the response of microbiomes in various locations. 

4.2. Random Graphical Model 

In this, random graphical model for network inference from diverse microbiome data from various locations 

is defined. Let 𝑌(𝑘) be the random vector of interest, that is abundance of 𝑝 in environment 𝑘. We supposed 

𝑌(𝑘) is distributed using a graphical model (GM). 

𝑌(𝑘)|𝐺(𝑘)~𝐿𝐺(𝑘)(Ω(𝑘))                     (7) 

Relative to a conditional independence graph 𝐺(𝑘) and related parameters Ω(𝑘). The graphs 𝐺(𝑘) are 
dispersed using a joint random graph model. 

𝐺(𝑘)~𝑃(𝜃),     𝑘 = 1, … , 𝐵                  (8) 

The appropriate graphical or random graph model is determined by the circumstances at hand. Gaussian 
copula graphical model was chosen because of its simple mathematical formulation. This methodology is 
adaptable to non-Gaussian multivariate data, such as microbiome counts. Therefore, comparable to , we 
assumed: 

𝑃(𝑌1
(𝑘)

≤ 𝑦1, … , 𝑌𝑝
(𝑘)

≤ 𝑦𝑝|𝐺(𝑘), Ω(𝑘) = ∅𝑝(∅−1(𝐹1(𝑦1)), … , ∅−1(𝐹1(𝑦1)); 𝑅(𝑘))      (9) 

In this equation (9), ∅𝑝 represents the cumulative distribution function of a 𝑝-dimensional multivariate 

normal with a zero mean vector and correlation matrix 𝑅(𝑘) = Ω(𝑘)−1. ∅ is the usual univariate normal distribution 

function, and 𝐹𝑗 is the marginal distribution of Operating Taxonomic Units (OTU) 𝑗. The conditional 

independence graph 𝐺(𝑘)) represents the model’s induced dependency structure in condition 𝑘.  
To account for the diversity of microbiome data, the marginal distribution of OUT 𝑗 may be connected to 

external variables like body site and sequencing depth. To formalize this with the use of a parametric marginal 
model,  

𝐹𝑗(𝑦𝑗|𝑥) = 1 = 𝑞𝑗(𝑥)(𝑦𝑗+1)
𝑏𝑗(∞)

                  (10) 

log (
𝑞𝑗(𝑥)

1−𝑞𝑗(𝑥)
) = 𝑥𝑡𝜂𝑗, log (𝑏𝑗(𝑥)) = 𝑥𝑡𝛾𝑗          (11) 

The node covariates 𝑥 = (1, 𝑥1, . . . , 𝑥𝑚)𝑇 and regression coefficients 𝜂𝑗 and 𝛾𝑗 correspond to the 

parameters of the discontinuous Weibull distribution, respectively. The copula’s mapping to the latent Gaussian 
space (𝑧𝑗 = ∅−1 (𝐹𝑗 (𝑦𝑗)) is not unique due to the discontinuous nature of the data. Each observation (𝑦𝑗, 𝑥) 

corresponds to an interval in the latent space, as shown by  

𝐼𝐹𝑗
(𝑦𝑗|𝑥) = (∅−1 (𝐹𝑗(𝑦𝑗 − 1|𝑥)) , ∅−1(𝐹𝑗(𝑦𝑗|𝑥))            (12) 
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4.3. Spatiotemporal Nan-Drug Transport Dynamics  

Understanding the geographical and temporal distribution of the nano-drug therapeutic agent is necessary 
for studying the effect of targeted nano-drug therapy on the gut microbial community. The gastrointestinal 
system is naturally heterogeneous due to the presence of several ecological regions with varying physical and 
chemical characteristics. As a result, diffusion, advection from the movement of digestive fluids, degradation, 
and release of the nano-drug particle occur. Let 𝑁 (𝑥, 𝑡) represent the concentration of nano-drugs at a given 

site 𝑥 and time 𝑡. The transport phenomenon may be described using a reaction diffusion convection equation. 

𝜕𝑁

𝜕𝑡
= 𝐷𝑁∇2𝑁 − 𝑣

𝜕𝑁

𝜕𝑥
− λ𝑁 + 𝑅(𝑥, 𝑡)       (13) 

where, 𝐷𝑁 represents the nano-drug diffusion coefficient, 𝑣 denotes intestinal flow velocity, λ is showing 
drug degradation rate and 𝑅(𝑥, 𝑡) represents the controlled-release function. The release kinetics of nano-drug 
can be represented as 

𝑅(𝑥, 𝑡) = 𝑘𝑁0𝑒−𝑘𝑡         (14) 

Where 𝑁0 is the starting drug concentration, while 𝑘 is the release constant. To determine biological 
validity, the total drug mass in the gastrointestinal tract can be quantified as follows: 

𝑀𝑁(𝑡) = ∫ 𝑁(𝑥, 𝑡)𝑑𝑥
1

Ω
                       (15) 

Ω represents the spatial domain of gut. This is a measure of therapeutic exposure that can be used to 
evaluate medication accumulation and clearance in a specific location. The integration of diffusion and 
transportation processes into the model provides a tool for predicting microbiome treatment responses. The 
average nano-drug concentration across the gastrointestinal domain can be described as  

𝑁(𝑡) =
1

|Ω|
∫ 𝑁(𝑥, 𝑡)𝑑𝑥

1

Ω
                         (16) 

4.4. Coupled Spatiotemporal Microbiome Dynamics 

The gut microbiome is modeled as a network of interacting microbial populations that spread throughout 
the digestive tract. A spatially explicit model formulation is required due to the variety of microbial growth and 
interaction processes throughout the intestines. As a result, the traditional Lotka-Volterra model is updated to 
incorporate diffusion and drug-induced effects. Let (𝑀𝑖(𝑥, 𝑡)) denote the abundance of microbial species. The 
dynamics are governed by 

𝜕𝑀𝑖(𝑥,𝑡)

𝜕𝑡
= 𝐷𝑖∇2𝑀𝑖(𝑥, 𝑡) + 𝑟𝑖𝑀𝑖(𝑥, 𝑡) (1 −

𝑀𝑖(𝑥,𝑡)

𝐾𝑖
) + 𝑀𝑖(𝑥, 𝑡) ∑ 𝑎𝑖𝑗𝑀𝑗(𝑥, 𝑡) − 𝛽𝑖𝑁(𝑥, 𝑡)𝑛

𝑗=1 𝑀𝑖(𝑥, 𝑡)   (17) 

Some of the mathematical characteristics required for biological relevance are present in the coupled 
model under study. The state variables take values from the positive orthant since microorganisms and drug 
concentrations are physical factors. The comparison principle can be used to determine that solutions will 
remain non-negative for all future times given non-negative initial data and positive diffusion and response 
terms. 

Furthermore, the physiologically plausible region has locally Lipschitz continuous nonlinear functions 
related to growth and decay. Consequently, the system of coupled reaction-diffusion equations has a unique 
local solution according to Picard-Lindelöf’s existence theorem. Drug degradation guarantees that the 
concentration of the pharmaceuticals cannot increase indefinitely, and the carrying capacity limits the 
proliferation of microorganisms. The region consequently turns into a positively invariant set. 

By putting the temporal derivatives to zero, the equilibria may be calculated, resulting in steady-state 
medication concentrations and microbial levels. The eigenvalues of the Jacobian matrix can be used to examine 
the local asymptotic stability. When all of the eigenvalues’ real parts are negative, the equilibrium is locally 
asymptotically stable. These characteristics define the model's state space, offering a mathematical basis for 
sensitivity analysis, network evolution, numerical simulation, and the interpretation of treatment-related 
perturbations. Therefore, rather than using numerical solutions, the model links the kinetics of an ecosystem 
with qualitative dynamic aspects. Diffusion reflects microbial migration from one neighboring site to another, 
whereas the interaction factor shows microbial cooperation and rivalry. The last element impacts the drug’s 
effect on the microbe’s development. Total Microbial Biomass is given by 

𝐵(𝑡) = ∑ ∫ 𝑁(𝑥, 𝑡)𝑑𝑥
1

Ω
𝑛
𝑖=1       (18) 

The relative abundance of microbial specie 𝑖 can be represented aa 
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𝑃𝑖(𝑡) =
𝑀𝑖(𝑡)

∑ 𝑀𝑗(𝑡)𝑛
𝑗=1

              (19) 

The community diversity index can be expressed as 

𝐻(𝑡) = ∑ 𝑃𝑖(𝑡) ln 𝑃𝑖(𝑡)𝑛
𝑖=1       (20) 

Monitoring (𝐵(𝑡)) helps in evaluating any change in the productivity of the ecosystem due to treatment. 
Coupling of microbial behavior and nano-drug transport is a great step compared to traditional ecosystem 
models which lack treatment. 

4.5. Dynamic Microbial Interaction Network 

Microbial populations are represented using network theory, which is continually changing in response to 
environmental and therapeutic pressures. In this scenario, the microbial species serve as network nodes, with 
edges representing ecological interactions between bacteria. The network is defined as 

𝐺(𝑡) = (𝑉, 𝐸(𝑡)),    𝐴(𝑡) = (𝑎𝑖𝑗(𝑡))                          (21) 

𝑑𝑎𝑖𝑗

𝑑𝑡
= 𝜂𝑀𝑖𝑀𝑗                    (22) 

Under this model, interactions strengthen when species interact frequently and weaken when drug is used. 
Overall network connection is assessed using 

∅(𝑡) = ∑ ∑ 𝑎𝑖𝑗(𝑡)𝑛
𝑗=1

𝑛
𝑖=1                (23) 

The average interaction strength and network perturbation due to treatment can be defined as 

𝐴̅(𝑡) =
1

𝑛(𝑛−1)
∑ 𝑎𝑖𝑗(𝑡)𝑖≠𝑗               (24) 

∆𝐴(𝑡) = 𝐴(𝑡) − 𝐴(0)                                    (25) 

This is used to determine the level of complexity in an ecosystem. The changes in demonstrate the impact 
of nanodrug on microbial communication routes. 

4.6. Network Topological Analysis 

Network topology provides information on the organization of microbial communities and aids in the 
identification of key regulators. The topological measurements are derived using the adjacency matrix, which 
is constantly changing. Degree centrality and between centrality can be computed as: 

𝐶𝐷(𝑖) = ∑ 𝑎𝑖𝑗
𝑛
𝑗=1 ,      𝐶𝐵(𝑖) = ∑

𝜎𝑠𝑡(𝑖)

𝜎𝑠𝑡

𝑛
𝑠≠𝑖≠𝑡                (26) 

The clustering coefficient and network density can be represented as 

𝐶𝑖 =
2𝑒𝑖

𝑘𝑖(𝑘𝑖−1)
,    𝜌 =

2|𝐸|

𝑛(𝑛−1)
      (27) 

|𝐸| denotes the number of edges. These quantifiable measures allow us to identify microbial hubs, highly 
linked species, and even treatment targets that promote ecosystem stability. The network modularity becomes: 

𝑄 =
1

2𝑚
∑ (𝑎𝑖𝑗 −

𝑘𝑖𝑘𝑗

2𝑚
) 𝛿(𝑐𝑖 , 𝑐𝑗)𝑖𝑗                        (28) 

4.7. Stability and Equilibrium Analysis 

The mathematical analysis of equilibrium states is critical for understanding the microbiome’s long-term 
dynamics following treatment. Equilibrium points can be discovered by setting the temporal derivatives equal 
to zero. The steady state equilibrium can be defined by 

𝜕𝑀𝑖

𝜕𝑡
= 0                      (29) 

Thus, 

𝜕𝑀𝑖

𝜕𝑡
= 𝐷𝑖∇

2𝑀𝑖 + 𝑟𝑖𝑀𝑖 (1 −
𝑀𝑖

𝐾𝑖
) + 𝑀𝑖 ∑ 𝑎𝑖𝑗𝑀𝑗 − 𝛽𝑖𝑁

𝑛
𝑗=1 𝑀𝑖 = 0               (30) 

The jacobian matrix is  
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𝐽 = [
𝜕𝑓𝑖

𝜕𝑀𝑖
]             (31) 

The equilibrium is locally asymptomatically stable if 𝑅𝑒(λ𝑘) < 0 for all eigen values of λ𝑘 of 𝐽. This study 
assesses microbial resilience to treatment perturbations.  

4.8. Therapeutic Response Index 

The Therapeutic Response Index (TRI) is offered as a quantitative measure of treatment success. The 
index compares the weighted microbial composition during treatment to the original microbial composition. 

𝑇𝑅𝐼(𝑡) =
∑ 𝑤𝑖𝑀𝑖(𝑡)𝑛

𝑖=1

∑ 𝑤𝑖𝑀𝑖(0)𝑛
𝑖=1

       (32) 

The Therapeutic Response Index (TRI) is offered as a quantitative measure of treatment success. 

𝑇𝑅𝐼̅̅ ̅̅ ̅ =
1

𝑇
∫ 𝑇𝑅𝐼(𝑡)𝑑𝑡

𝑇

0
       (33) 

This provides a physiologically meaningful indication of microbiota recovery and therapeutic efficacy via 
targeted nanodrug administration.  

4.9. Global Sensitivity Analysis 

Sensitivity analysis is used to determine the significance of various model parameters and to identify 
biological pathways that have the greatest impact on treatment outcomes. The normalized sensitivity coefficient 
is computed as: 

𝑆𝑝 =
𝑝

𝑌

𝜕𝑌

𝜕𝑝
       (34) 

Factors that have been investigated include microbial growth rate, carrying capacity, diffusion coefficient, 
interaction parameter, and antibiotic efficacy coefficient. Sensitivity parameters can be organized in the 
following order of importance: 

𝑆𝑇𝑖 = 1 −
𝑉𝑎𝑟(𝐸[𝑌|𝑝−𝑖])

𝑉𝑎𝑟(𝑌)
            (35) 

Parameters with high absolute sensitivity have the greatest impact on system dynamics and so are 
excellent candidates for therapeutic optimization. 

4.10. Model Parameters and Biological Interpretation 

The biological, transport, and network characteristics that describe microbial development, ecological 
processes, transit, and treatment are part of the suggested biomathematical framework. The primary model 
parameters used in this work are listed in Table 1 along with their units, biological significance, and 
mathematical notation. For the connected spatiotemporal model system, table is a single point of reference. 

Table 1: The Suggested Linked Spatiotemporal Network Model’s Related Units, Mathematical Symbols, 
Model Parameters, and Biological Interpretations 

Parameters Description Units Biological Interpretation 

𝑋𝑖(𝑥, 𝑡) Abundance of microbial species 𝑖 CFUcm-1 Population density of microbial species 

𝐶(𝑥, 𝑡) Nano-drug concentration mgcm-3 Spatial concentration of therapeutic agent 

𝑟𝑖 Intrinsic growth rate day-1 Natural microbial growth rate 

𝐾𝑖 Carrying capacity CFUcm-1 Maximum sustainable microbial population 

𝑎𝑖𝑗 Interaction coefficient Dimensionless Competition or cooperation between species 

𝐷𝑚 Microbial diffusion coefficient cm2/day Microbial spatial migration 

𝐷𝑑 Nano-drug diffusion coefficient cm2/day Drug diffusion through gastrointestinal tissue 

𝑣 Advection velocity cm/day Intestinal flow velocity 

𝜆 Drug degradation rate day-1 Nan-drug metabolic degradation 

𝑅(𝑡) Drug release function mg/day Controlled-drug release profile 

𝛾𝑖 Drug sensitivity coefficient Dimensionless Species-species response to nano-drug  

𝜇 Migration rate day-1 Microbial movement between gut regions 

𝜌 Migration allocation parameter Dimensionless Fraction migrating to upstream or downstream 
regions 

𝑇𝑅𝐼 Therapeutic Response Index Dimensionless Overall microbiome recovery measure 

5. Results 
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5.1. Integrated Mathematical Framework for Nano-Drug Microbiome Interactions 

Figure 1 shows the architectural structure of the spatiotemporal network model developed for studying the 
effects of nano-drug therapeutics on the gut microbial ecosystem. The first step of the framework starts with 
the representation of the gut as a heterogeneous spatial environment that comprises various ecological 
compartments due to variation in pH, nutrients, oxygen levels, mucins, and host immunity. This variation in 
environmental gradients creates spatial variations in microbial communities, thereby requiring spatial 
mathematical models. 

The second step of the framework represents the transport dynamics of nano-drug therapy using a 
reaction-diffusion-advection system. These processes produce temporal concentration dynamics of the drug in 
the gut. The third component is the introduction of microbial population dynamics using a coupled reaction-
diffusion generalized Lotka-Volterra model. The resulting microbial populations are then used to create dynamic 
interaction networks in which microbial taxa are represented as nodes and ecological interactions as weighted 
edges. This fourth section is on the adaptive evolution of microbial interaction networks under nano-drug 
pressure. This is the reorganization of the network as a result of changes in interaction weights. The final section 
of the biomathematical framework measures therapeutic outcomes using mathematical metrics such as the 
Therapeutic Response Index (TRI), topological indices, stability analysis, and global sensitivity analysis.  

 

Figure 1: An Integrated Spatiotemporal Network Framework for Modeling Nano-Drug-Microbiome 
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Interactions in the Human Gastrointestinal Tract 

5.2. Model-Derived Microbial Dynamics under Two-Patch Formulations 

Table 2 displays the two-patch simulation’s numerical state values. They are produced by the mathematical 
system and are not based on the real outcomes of any human measurements. Time instances are selected at 
random so that the trend and convergence of the microbes’ redistribution can be seen without really looking at 
the Figure 2. 

Table 2: Numerical Values used for Two-Patch Simulation 

Time (day) Upstream abundance Downstream abundance 

0.0 0.88 0.645 
5.0 0.546 0.43 

10.0 0.738 0.472 
15.0 0.617 0.507 
20.0 0.656 0.455 
25.0 0.627 0.496 
30.0 0.652 0.472 

Figure 2 shows that bounded growth, interaction, and migration components have led to the evolution of 
the upstream and downstream states that were started in the positive orthant. Before reaching a positive 
asymptotic regime, the solution trajectories show damped nonlinear oscillations while staying bounded in the 
positive state space. According to the delayed redistribution through migration component, the downstream 
state reacted more slowly than the upstream state. Bounded phase trajectories stop unbounded population 
expansion and entail dynamical acceptability of the selected parameter space. From the perspective of the 
dynamical system, the equilibrium tendency illustrates how migration and interaction parameters work to 
regulate the asymptotic condition. The behavior that the defined dynamical system produces is more important 
than an observed population size. 

 

Figure 2: Upstream and Downstream Microbial Communities’ Microbial Abundance Trajectories Using Model-
Based Estimations Utilizing the Generalized Lotka-Volterra Equation of Two Patches  

5.3. Specific Network Connection and Interaction Structure 

Table 3 displays the primary network parameters that were calculated using the model’s graphical states. 
While local triadic organization is shown by the clustering coefficient, network density is defined as the ratio of 
real edges. It is possible to depict treatment-related changes in connection as a mathematical network transition 
by mentioning both parameters. 

Table 3: Primary Metrics for Network of Graphical States of the Model 

Time Step Network Density Clustering Coefficient 

0 0.18 0.11 
1 0.23 0.15 
2 0.29 0.19 
3 0.34 0.24 
4 0.3 0.21 
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5 0.26 0.17 

In the Figure 3, it can be seen that the network’s density increased in the start of the adaptive phase before 
falling to a reasonable level, but the clustering coefficient exhibited a pattern that was comparable to density 
but more gradual. As the group reacts to the pressure of therapy, this illustrates the brief increase in local 
organization followed by the network’s relaxation. A drop in density suggests a partial decoupling or loss of 
weak ties, whereas an increase in density implies a growing number of pairwise relationships that become 
dynamically meaningful during the transition process. Before reaching a new network configuration, ecological 
neighborhoods tend to become more ordered, according to a clustering reaction. 

 

Figure 3: Changes in Mean Clustering and Density During Treatment-Induced Network Adaptation  

5.4. Spatiotemporal Nano-Drug Transport and Exposure Gradients 

Table 4 shows the numerical results from the response advection transport sub-model for particular time 
instants. While the drop in concentration is caused by degradation, the increase in dispersion is caused by 
diffusion, and the downstream displacement is associated with the advection process. To guaranty the 
independence of transport modeling, it is crucial to report each of these variables separately. 

Table 4: Numerical Outputs of Reaction-Diffusion-Advection Transport at Different Time Points 

Time (day) Peak Position Peak Concentration Spatial Spread 

0.0 0.20 0.92 0.08 
4.0 0.35 0.76 0.12 
8.0 0.50 0.61 0.16 

12.0 0.64 0.48 0.20 
16.0 0.77 0.37 0.24 
20.0 0.88 0.29 0.27 

The time-dependent nano-drug concentration pattern varied systematically over the gastrointestinal 
coordinate scale was found using the reaction-diffusion-advection model. The concentration maximum traveled 
along increasing spatial coordinates with increasing time, as seen in Figure 4, illustrating the advection effect. 
In the meantime, the diffusion effect was visible as the concentration pattern expanded in space. From a 
mathematical standpoint, the transport solution becomes a time-dependent spatial field whose peak is modified 
and its concentration distribution widens and weakens. Furthermore, the loss accumulated during the 
propagation phase is reflected in the decrease of the maximum. This output demonstrates that the scalar value 
of the treatment level alone does not determine the local level of therapeutic exposure; rather, it depends on 
both location and time. For this reason, the transport layer required for the coupled microbiome model is 
provided by the simulation. 
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Figure 4: Concentration Profiles of Nano-drugs Showing Degradation, Advection, and Diffusion Over Time 

5.5. Coupled Spatiotemporal Microbiome Response 

Table 5 displays the chosen states from the spatiotemporal model for equal time steps. The data set is 
designed to show the temporal orderliness of the community's diversity, microbial biomass, and treatment 
exposure. The values could be used as references for recovery timings and the patterns shown.  

Table 5: Numerical Values for Nano-Drug Transport for Coupled Spatiotemporal Microbiome Response 

Time (day) Biomass Diversity Drug exposure 

0.0 0.900 0.840 0.100 
4.0 0.620 0.730 0.780 
8.0 0.510 0.680 0.520 

12.0 0.580 0.710 0.340 
16.0 0.700 0.770 0.220 
20.0 0.790 0.810 0.140 

Figure 5 shows that while normalized biomass initially and then recovered, diversity changed more 
gradually and eventually reached a limited regime after treatment. There was a noticeable lag between the 
forcing and the state because the medication dosage peaked before biomass recovery took over. The microbial 
state in this sequence is dependent on both the present and past exposure to ecological feedback, supporting 
a nonlinear dynamical system.  

 

Figure 5: Microbe Biomass, Diversity, and Exposure to Nano-drugs 

Trajectories exhibit limited behavior, suggesting the parameterization selected does not cause the 
population under consideration to either collapse or increase unstably. In terms of phase-space representation, 
the process begins with the system moving away from its starting location during treatment, and when the 
exposure level drops, it reaches a new attractor position. The biomass and diversity recovery processes do not 
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have to be simultaneous, as evidenced by the time disparity between them. Therefore, the suggested coupled 
model provides a way to assess recovery following therapy and explains ecological relaxation and transport 
kinetics. 

5.6. Adaptive Network Topology and Treatment-Associated Analysis 

Table 6 summarizes metrics related to network structure at different treatment intensity levels. Modularity 
is a measure of how easily nodes can be divided into clusters, where connections exist within clusters but not 
between them. Mean degree is the average number of connections that each node possesses. 

Table 6: Network Topology Metrics Across Treatment Intensities 

Treatment Intensity Mean Degree Modularity 

0.0 5.8 0.34 
0.1 5.672 0.36 
0.2 5.526 0.379 
0.3 5.35 0.397 
0.4 5.136 0.415 
0.5 4.89 0.433 
0.6 4.621 0.449 
0.7 4.347 0.465 
0.8 4.086 0.481 
0.9 3.853 0.496 
1.0 3.656 0.51 

 
In Figure 6, adaptive network analysis showed that when normalized treatment intensity increased, the 

mean degree systematically decreased and the modular structure increased in tandem. Increased modularity 
suggests that these connections are increasingly compartmentalized, and decreased mean degree suggests 
that there are fewer direct ecological interactions that are robustly retained at greater levels of treatment. A 
network may simultaneously get more-sparse and organized, which makes this mathematically significant. By 
establishing semi-independent modules, such reorganization can reduce the transmission of perturbations in 
the network. This entails examining the network of microbial nodes with weighted edges in connection to a 
treatment parameter that can be changed. 

 

Figure 6: Mean Degree and Modularity Concerning the Normalized Intensity of Nano-drug Therapies 

5.7. Stability, Global Sensitivity, Therapeutic Response and Integrated Recovery 

Table 7 summarizes the numerical values for the four analytical methods displayed in Figure 7 (a–d).  The 
migration parameter 𝜌 is associated with the equilibrium stability score in stability analysis; the normalized 
treatment intensity is associated with the Therapeutic Response Index (TRI) in response analysis; the values 
are normalized global sensitivity measures of the principal parameters in sensitivity analysis; and the table 
displays the treatment's saturation response and favorable migration region in recovery analysis. 
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Table 7: Numerical findings for integrated recovery, sensitivity analysis, treatment effectiveness, and stability 

Analysis Parameter and condition Representative output 

Equilibrium stability 𝜌 =0.00 0.450 

Equilibrium stability 𝜌 =0.10 0.451 

Equilibrium stability 𝜌 =0.20 0.456 

Equilibrium stability 𝜌 =0.30 0.479 

Equilibrium stability 𝜌 =0.40 0.543 

Equilibrium stability 𝜌 =0.50 0.671 

Equilibrium stability 𝜌 =0.60 0.831 

Equilibrium stability 𝜌 =0.65 0.894 

Equilibrium stability 𝜌 =0.70 0.927 

Equilibrium stability 𝜌 =0.75 0.923 

Equilibrium stability 𝜌 =0.80 0.883 

Equilibrium stability 𝜌 =0.90 0.736 

Equilibrium stability 𝜌 =0.95 0.656 

Equilibrium stability 𝜌 =1.00 0.587 

Therapeutic response (TRI) Normalized treatment intensity = 0.0 0.280 

Therapeutic response (TRI) Normalized treatment intensity = 0.5 0.761 

Therapeutic response (TRI) Normalized treatment intensity = 1.0 0.799 

Global sensitivity Growth rate 0.740 

Global sensitivity Carrying capacity 0.580 

Global sensitivity Drug efficacy 0.510 

Global sensitivity Drug diffusion 0.360 

Global sensitivity Interaction strength 0.310 

Global sensitivity Migration rate 0.240 

Integrated recovery Favorable migration region 𝜌 ≈0.70 

Integrated recovery Treatment response Increasing with saturation 

The four modeling results that characterize the non-linear behavior of the proposed networked microbiome 
system are combined in Figure 7 (a–d). The non-monotonic stability response to migration allocation is shown 
in Figure 7(a), the stability index increases from the low migration regime, peaks at 𝜌 ≈0.70, and subsequently 
decreases. It indicates that rather than a general benefit of the increase in migration, there is a beneficial regime 
of redistribution. This control law is associated with a better collection of linear system eigenvalues and, hence, 
better local asymptotic stability. Figure 7(b) represents that when the strength of the therapeutic intervention is 
low to moderate, the Therapeutic Response Index increases rapidly before saturating. This implies a declining 
marginal response to a high-intensity intervention. Figure 7(c) illustrates the respective contributions of the 
three variables i.e. growth rate, carrying capacity, and therapeutic effectiveness to the sensitivity. In the given 
parameter configuration, diffusion, interactions, and migration contribute comparatively less to sensitivity. 
Figure 7(d) illustrates how therapy and migration work together to support the healing process. 
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Figure 7: (a) Stability at Equilibrium in Connection with the Migration-Allocation Parameter 𝜌, (b) Therapeutic 
Response Index Regarding the Normalized Intensity of Treatment, (c) Normalized Global Sensitivity of the 
Primary Model Parameters, and (d) Combined Recovery Landscape Concerning Migration Allocation and 

Treatment Intensity 

6. Discussion 

The model’s dynamics demonstrate that the therapeutic efficacy depends on the coupled effects of the 
microorganisms’ growth rate, interaction strength, migration, and spatial availability rather than just the 
therapy’s intensity. The existence of positive equilibria and damped oscillations suggests convergence to a 
suitable long-term state from the perspective of dynamical systems theory. The dissipation in non-linear 
dynamics is suggested by the damped oscillations and bounded positive equilibria; redistribution with delay 
resulting from finite movement across compartments is implied by the delayed reaction. Similarly, two patch 
streams and mobility impact microbial coexistence and stability, as shown by mathematically organized spatial 
models (Cao et al., 2022; Shibasaki & Mitri, 2023). This addition is made possible by the existing architecture, 
which allows the drug realm to continuously modify the microbiome's dynamics. The path dependency results 
from the states of each population being dependent on the local ecological conditions and the dynamic history 
of exposure. Thus, bounded trajectories should be seen as dynamical admissibility attractor regimes (Revel-
Muroz et al., 2023). 

A further mathematical explanation of treatment effects is provided by the results of the network analysis. 
The generalized Lotka-Volterra equation’s equilibrium configuration and effective interaction matrix are thus 
altered by the impact of therapy on the interaction strength. The community reconfiguration process is 
complementarily described by the combination of network structure and dynamical stability. In addition to 
revealing microbial hubs at pertinent time scales, dynamic network analysis has demonstrated that the 
microbiome network structure is not static but rather varies based on the biological state (Li et al., 2023). 
Therefore, the generalized Lotka-Volterra dynamics and equilibrium structure may be affected by therapy-
induced changes in the interaction strength. This research is made more rigorous by combining network 
topology, kinetics, and stability theory. 

The transport data emphasize that in order to comprehend the effects of nano-drugs, a spatiotemporal 
exposure field is necessary. The combined effects of advection, diffusion, and degradation result in greater 
spreading, attenuation, and displacement of the concentration peak. As a result, the microbial population in the 
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gastrointestinal system will experience various stresses from the same nominal dosage. The significance of 
mucosa contact, gastrointestinal transit, nanotherapeutic targeting, and release is highlighted by recent studies 
(Chen et al., 2023; Lang et al., 2023; Peng et al., 2023). These processes are described by transport and 
release rates in the current framework, allowing their effects to be distinguished from those of the ecological 
factors. Additionally, coupled dynamics show that biomass and diversity recover at distinct timeframes, 
suggesting that their typical reaction periods range. Therefore, rather than just being an endpoint, recovery 
should be viewed as a trajectory in ecological state space. This knowledge aligns with multiscale spatial 
modeling, in which interactions and transit lead to the microorganisms’ structure (Aminian-Dehkordi et al., 
2025). 

The stability, sensitivity, and TRI criteria are used to numerically differentiate treatment regimens. The 
system’s maximum stability is provided by an intermediate migration-allocation regime, which suggests that the 
system's local dynamics are non-monotonously dependent on redistribution rather than being positively 
impacted by increasing migration. At an intermediate migration-allocation level, stability is at its peak. This 
indicates that there is an inner maximum point rather than a monotone benefit from more migrations. The TRI 
value’s fast rise and subsequent saturation point to a declining marginal benefit at increasing treatment 
intensities. Diffusion, interaction, and migration are less important in terms of sensitivity than the drug's growth 
rate, carrying capacity, and effectiveness. This is consistent with ecological models showing that resilience in 
microbiomes may be defined using stability metrics and multiscale models showing how spatial structure and 
metabolism can result in emergent states (Qiao et al., 2024; Revel-Muroz et al., 2023). Furthermore, recent 
advancements in nanomaterials have demonstrated that the settings and composition of microorganisms 
influence their reactivity (Kumar et al., 2024). This paradigm may be used to monitor recovery, identify stability 
windows, and differentiate transport from ecology. However, the regime of trajectories is just theoretical at this 
time because it is modeled rather than collected from patients. 

7. Conclusion 

This study offers a mathematical model that describes the interaction between nano-drug and microbiome 
as a connected dynamic process rather than merely a concentration effect. Population dynamics, interspecies 
interaction, migration, exposure, deterioration, and therapy are all represented mathematically. This enables us 
to comprehend how both dynamical and network techniques can be used to characterize changes in the status 
of microbiome populations. The non-dimensional representation makes it possible to compare various 
processes at different scales and aids in determining the parameters governing the behavior of the system. 
Non-linear thresholds, heterogeneous spatial forcing, and parameter dependency on stability in treatment 
response are all revealed by this approach. Stability and sensitivity measures aid in determining which states 
are relatively stable or sensitive to perturbation within specific regimes, and descriptors of network topology 
incorporate information about structural dynamics into the dynamics of the population system through 
measurements of change in connectivity and structure. Another scalar representation of the multidimensional 
result is the treatment response index. In terms of methodology, the main contribution is the integration of the 
previously described components into a single prediction framework. Such a framework will be helpful in 
developing theories regarding the microbial community's resilience and in conducting methodical comparisons 
across various treatment situations. Such a framework could be expanded in the future to accommodate 
random disturbances, additional functional groups of microorganisms, empirical estimates of transport 
coefficients, and patient-specific parameter distribution. 
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