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the time-fractional Hamilton-Jacobi-Bellman (TFHJB) equation, which is a family of fractional

differential equations that describe various nonlinear dynamical systems. The analysis

ABSTRACT

commences with the detailed determination of the infinitesimal generators the equation KEYWORDS
possesses, which then serves as a basis for finding its respective Lie symmetries. Once Lie Symmetries,
these symmetries are recognized, the similarity reduction method will be applied to obtain Exact Solutions,

exact solutions by reducing the original fractional equation into simpler cases. Additionally,
the research goes beyond just determining the solutions and also includes deriving
conservations laws associated with the TFHJB equation via a modified version of Ibragimov's
method. These conservation laws yield fundamental information about the qualitative )
behavior, stability and integrability of the system. Conservation Laws

Non-Linear Self-Adjointness,
Fractional Hamilton-Jacobi-
Bellman Equation,

1. Introduction

Fractional differential equations (FDEs) have become increasingly popular in many fields of science and engineering
in recent years. This is because these well-known models represent a wide range of intricate nonlinear processes as well
as memory-related dynamics that are difficult for conventional integer-order differential equation techniques to adequately
capture. Many processes in nature are influenced not only by the present moment in time but also by their historical
behavior. An efficient mathematical foundation for describing such processes using integrals and derivatives of non-integer
order is provided by fractional calculus. Due to this capability, it has become an important tool in several scientific
disciplines, including physics, engineering, and mathematics. Fractional differential equations, in particular, are frequently
employed to simulate systems with inherited traits and long-term memory.

There are various methods in the literature to solve FDEs (Alghtani et al., 2023; Saad & Srivastava, 2023). The lack of
well- established analytical methods has handicapped the study of fractional differential equations. However, Sophus Lie
developed the Lie group transformation methodology, an analytical yet algorithmic method that offers a useful tool for
obtaining an exact solution to a given differential equation. When a complicated system of PDEs or FDEs arises because of
a chemically, physically, or physiologically significant issue, the discovery of any type of unambiguous solution is of great
importance. Such explicit solutions may act as a model for physical investigations or as a check on numerical schemes.
Often, these solutions represent the asymptotic or dominant features of the solution of a more general kind. Finding a set
of differential equations' Lie symmetry group has several significant real-world uses. In addition, symmetry groups provide
a useful tool for classifying different families of differential equations according to the presence of arbitrary parameters or
functions. Invariance for ordinary differential equations with a single parameter We may lower the equation's order by one
thanks to the Lie symmetry group. This makes it possible to obtain the solutions to the original issue from those of the
simplified equation using just one quadrature. The form improves comprehension of the behavior of the solution by giving
an explicit formula for the general solution to a first-order differential equation. Using conservation rules for standard
differential equations, as was carried out in Lie group theory, is a second method for determining the solution to a first-
order differential equation. A better towards the invariant properties of the equations can be arrived at by conservation
laws. Furthermore, for some systems of differential equations, conservation rules are crucial in proving the existence,
uniqueness, as well as stability of the solution, which helps us better understand the nature of the solution (Bluman &
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Anco, 2002). To get correct solutions, Lie symmetry analysis of integro-order differential equations as well as linear
differential equations has been explored in literature for a decade (Bluman & Kumei, 2013; Fushchich et al., 2013; Hashim
et al., 2023; Ibragimov & Kovalev, 2009; Meleshko, 2006). The first extension of Lie theory to FDEs was done by Gazizov
et al. (2007), while other researchers also conducted studies on FDEs and obtained favorable results (Djordjevic &
Atanackovic, 2008; Wang et al., 2013).

For determining if a control is optimum with regard to a loss function, the HJBE, a nonlinear partial differential
equation, offers both conditions that are sufficient and necessary. Decision theory and mathematical optimization both
make use of loss functions, sometimes known as costs. Its objective is to map values or occurrences of one or more
variables to a real number that reflects a "cost" associated with the occurrence. Minimizing the loss function is the aim of
an optimization task. The optimal control problem's value function is provided by the HJBE solution. Finding the control
that maximizes or minimizes the Hamiltonian function in the HJB equation can yield the ideal control approach after the
value function has been determined.

The defined contribution pension plan has gained popularity in the global pension market. The benefits of this plan
are contingent upon the results on the fund's portfolio and are based on fixed payments. Under this kind of plan, the
employee is in charge of accumulating enough money to meet their retirement needs and assumes the investment risk. A
single hazardous asset, S, and a risk-free asset, B, comprise the financial market taken into consideration in this paradigm.

B, = rB.dt,
ase _

2= pdt + kSEaw,

t

Considering a "constant rate of interest r, an elasticity parameter <0, and an expected rate of return in real time
p>r." It is assumed that the contribution rate for one unit of income is a constant ce(0,1). Here, kStB is the instantaneous

volatility and W, a standard Brownian motion. It is now possible to simulate the evolution of pension wealth V; using the
following formula:

AV, = [m,(u — 1)V, + 7V, + cldt + m V,kSF aw,
where T is the fund investment horizon and T is the portion of the pension fund that is devoted to riskier assets (Sun
et al., 2020). The value function, as per the traditional stochastic optimum control theory,
H(s,t,v) = supgE[U(Vp) [Sy =s,Vi=v] , 0<t<T (1)
with strictly concave utility function U(VT), should satisfy the (HJ B) equation

_ [G-DHy+I2s?P  Hy 2

0
2k252BHyy,

H; + pusHg + (rv + ¢)H, + ikZSZBHHSS

Process modelling is one of the core prerequisites for optimal control theory. The better the control, the more accurate
the model. Several mathematical methods have been developed to simulate the process to be regulated in tandem with
advancements in optimal control theory. Fractional calculus is one of these instruments. Fractional calculus has impacted
the field of control engineering in two ways: by creating a strong framework for the closed loop control system and by
offering better models for the processes. On the other hand, we have been interested in solving financial mathematics-
related problems utilizing the mathematical theory of Lie algebras (Razminia et al., 2018). To our knowledge, however, lie
group theory has not yet fully investigated the fractional order form of the well-known (HJB) equation. This study mainly
concerns with the determining conservation laws, similarity reductions and Lie point symmetries of (HJB) type equations
(TF). This is analysed as the time fractional HJB equation:

[(u—r)HV+k2szBHHVS]2 -0

1
D&H + psHg + (rv + c)H, + Ekzszf’”szS - TR 2)

Where D{* In the Riemann-Liouville notion, is the fractional derivative for 0 < o < 1.

2. Preliminaries and Some Definitions

The concepts and theorems of fractional calculus that are necessary for our further progress are explained in this
part. Refer to (Kilbas et al., 2006; Podlubny, 1999).
Definition 2.1. For an integrable function f(t) € (L1[a,b], R), the left-hand and right-hand Riemann-Liouville fractional
integrals of order a>0 is written as follows:
1t £(s)
T(o) 72 (t-5)1=

alff(t) = ds,t>a 3)
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XIEF() = — [° —

ro J o ds, £<b, (4)

where the Gamma function is represented by I' (Podlubny, 1999).
The following are some characteristics of the operator I* . For o,y = 0 and § = —1 we have:
04 o [04 o F(B + 1)
191P £(t) = 1Y £(0), 12 £(6) = £(6) , 181 £(0) = IE (), 18P = Tt D totB
Definition 2.2 Assume the definition of f(t) is on [a,b]. The Riemann-Liouville derivatives (RLD) of order m are specified
to be both left-sided and right-sided in order to describe the fractal behavior of a function.
aDEf(t) = DP (@Il () = —— (&) [{ D 4 (5)

T(n—o) \dt (t—)a-n+1

I} ey At (®)

t (t-t)a-n+1

- -n" d "
D) = (~D"DE(UR)) = 7 (3)

wheren = [a] + 1.
A few properties of the RLD are given below. For a, 3, gamma > 0 we have:

o DxtP =L -« \where tB is « differentiable

1“(_1+B—a)
e D'C=-"" Cisa constant,
t r(1-y)
o DPh®I®] = 53 (P) D™ hDPID, B> 0
t m=0 m t t ) .

—1)m-1 -
The generalized Leibnitz rule is the last characteristic, where (11131) = %

3. Analysis of Time Fractional Hamilton-Jacobi-Bellman Equations using
Symmetry Methods

Applying Lie symmetry analysis to FDEs, we analyse and classifying the symmetries of the time-fractional Hamilton-
Jacobi-Bellman equation (TFHJBE), in order to obtain invariant structures, investigate reduction and find solution-generating
transformations. The Lie point symmetries of FDEs can be determined using the methodology outlined below. We start with
infinitesimal starting point of Lie point transformation group, defined with single continuous parameter, which serves as
stepping stone for the following analysis regarding symmetry. Then the associated infinitesimal generator of these
transformations is provided. The consequent overdetermined system of PDEs and FDEs is obtained by applying the suitable
prolongation (according to derivatives and fractional derivatives involved in the FDE) of this vector field to the corresponding
FDE while maintaining the invariance. The Lie point symmetries of the associated FDE (Bluman & Kumei, 2013; Djordjevic
& Atanackovic, 2008) can be obtained by calculating or utilizing the symmetry program FracSym (Jefferson & Carminati,
2014) to solve this overdetermined system.

Consider the (TFHJBE) in the form

2
_ [(R-1)Hy+k2s2B+1H ] _

F = D{H + pgHg + (rv + O H + 2 k2s2P*2H i 0 7)
t=t+et(ts v,H) + o(e?)
5 =s+€&(t,s,v,H) + o(e?)
v=v+en(,s,v,H) + o(e?)
H=H + €{(t,s,v,H) + o(e?) (8)

We refer to the collection of all these transformations as a continuous Lie group G if the structure of equation (7) is
maintained in the new variables t,5,v and H. In the aforementioned transformations, e is a continuous parameter. The
equivalent infinitesimal generator for these transformations is given by:

a a a a
X—T?+E£+HE+Z£ (9)

dt

ds
de |€=0 = T(t' S, V, H)' e |€=0 = E(t; sV, H)
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dv dv
d_:|e=0 = Tl(t' SV, H)' d_:|e=0 = Z(t,S,V, H) (10)

Furthermore, in order to calculate the lower limit of the integral in (5) (Ibragimov, 2007), the Riemann-Liouville
fractional derivative must preserve a defined form invariant under transformation (8), which is why we require that t=0 stay
invariant under Lie point transformations. Therefore

1(t,s,v,H) | 1o = 0 (11)

Because of the invariance criteria, only when the extended vector field Pr(®® X vanishes on the results of Eq. (7)
does Eq. (7) accept the transformation group (8) and the vector fields (9). In other words,

Pr@OX(F) | pop = 0 (12)

This equation defines all infinitesimal symmetries of Eq. (7); therefore, we call that determining equation. Considering
only the necessary terms, the extended operator Pr(®YX is expressed as follows.

Pr(®OX = X + (@9 Ogay + 00 + 070y + 0% 0gs + 075 0y + TV 04y (13)
To determine T3, 255 we concentrate on the following formulae (Bluman & Kumei, 2013; Ibragimov & Kovalev, 2009):
¢® = Ds(9) — H¢Ds(t) — HgDs(9) — HyDs(n)
= s + {yHs — tHy — tyHH — §Hg — §3HZ — ngHy — nyH H
(% = Ds(8%) — HesDs (1) — HgsDs(8) — HysDs()
= {o + 20yHg + {uuHZ + {yHg — ToH — 2tyHHg — 2T Hge — Ty HH?2
—tyHHg — 2tyHHg — & Hg — 2&qHZ — 28 H o — EyyH3 — 353 H H
—NssHy — 2nguHyHs — 2n5Hsy — NusHyHE — nuHyHs — 2nyHHyy (14)

The expressions for ¢V, ¥V and ¢Vs are computed similarly. To determine the prolonged vector field (13), The fractional
time derivative's a-th extended infinitesimal (%9 must be extracted using the following formula:

(@9 = D¥(Q) + DY(EHs) + EDE(Hs) + DF(HD. (1)) — DF+(tH)
+TDE*(H) — DE(nH,) + EDF(Hy) (15)

The chain rule and expanded Leibnitz rule provide the extended infinitesimal (%9 (see (Gazizov et al., 2007; Singla &
Gupta, 2017)).

¢ = T [() 9% — (1 5 1) D] 08 H + (81 — aD(1) 0¢H — Tin,y (1) DI (§) 08~ (H,) —
oo () D () 9F ™ (Hy) + 057 — HOgGy + u (16)

nr m—n+r<

-1 m-oa an
Z, (i) (3) r;p(ntlJ,—l_G) (R o () s

When the infinitesimal C is linear in H, we should remember that p = 0. Consequently, the time fractional (HJB)
equation's invariance criteria (12) are suggested as

55

m=2n=2r=2s

—1r)2 v 22
[Z(O“t + us® + pH + (rv + ) + rmH, + §k2528+2<ss + %kZ(ZB + 2)528+1EH55 + (u-n)"Hyd"  (u-D)"HGPE

K252PHyy  k2sZPHiHy,
(u—r)zH%("V k4S4B+2Hvs(VS (4B+2)k4546+1Hvs§ k4s4B+ZH‘2,SE k4S4B+ZH\2;s(W (u—r)kZSZB+ZHstV
2k2s2BHZ,, k2s2PHyy k2s2BHyy T 2Kk2s2BH1H,,  2Kk2s2PHZ, k2s2PHyy
(4B+2)(H_r)Hvk2528Hvs§ + (U_r)kZSZB-HHVZVS _ Z(H_r)kZSZB_HHVHVSE _ (u—r)kZSZB“HvHstW] =0 (17)
2k2s2BHyy, k2s2BHyy k2s2B+1H,, k2s2BHZ,, (7)=0

By equating the monomial coefficients in partial derivatives of t,s and v using the prolongation formulas, the over
determined system of linear ODEs and FODEs is obtained. After solve the system of these equations, the final form of
infinitesimals can be derived:

t=C , £€=0 , n=(c+rv)C,+Css , {=F(ts)+CH (18)

where ¢;(i = 1,2,3,4) and F(t,s) are arbitrary constants and arbitrary function respectively (Razminia et al., 2018).
By regarding the condition t(0) = 0, every admitted operator of equation (2) can be presented as:
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a

X1=(c+rv)% , X2=si , X3 =H—

= , Xy =F(ts) o (19)

thus, Dimension of Lie algebra, admitted by equation fractional (HJB) (0.2) is L; @ L. We can compute the
symmetries using the MAPLE symbolic computing platform since the process of obtaining symmetries for FDEs and lengthy
computations is algorithmic. When used with the MAPLE symmetry packages DES-OLVII (Vu et al., 2012) & ASP (Butcher
et al.,, 2003), the symmetry package FracSym (Jefferson & Carminati, 2014) can assist in identifying the infinitesimal
generators and finding equations for the symmetries of FDEs.

4. Construction of Exact Solutions using Similarity Reductions

In this section, the similarity reduction technique is described and extended to obtain exact solutions of Eq. (2). The
primary aim of this approach is to bring down partial differential equations into smaller PDEs with reduced count of
independent variables or convert them to ordinary differential equations. If a function H is unaffected by the action of the
infinitesimal generators connected to the equation's symmetries, or if the outcome of applying the generators to H is zero,
it is referred to as an invariant solution (see (Djordjevic & Atanackovic, 2008; Singla & Gupta, 2017; Wang et al., 2013)).
Using these symmetry properties, we derive group-invariant solutions for the fractional Eq. (2).

Case 1: For the symmetry V; = X; + X, by integrating the invariant surface

s _dt_ dv _dH (20)
0 0 c+rv H

1
Therefore, the similarity variables are t, s and (c + rv) r . Consequently, the invariant solution may be expressed as:

H = Vc+rvg(t,s) (21)

where g(t, s) satisfies the equation

r 2
[w/ (c+rv)a-o ((u —-r)g+ kzszsﬂgs)]
2k2s2B/(c + rv)@-20(1 —r)g B

Case 2: Consider generator V, = X, + Xs, invariant surface in this case is:

ds _dt_dv_ dH (22)
0 0 S H

1
Vc-}-—rv<g§‘ +gs+g+ Ekzszngss)

gives the similarity variable t, s and He__?V . Thus Eq. (2) has the solution as
H = esf(t,s) (23)
where f(t, s) satisfies the equation

v v 2
[(u—r)§e§f+k2sZB+1eE(%f+§fs)]
— =0

\'4 2 \'4 v v
f9 + psf, + (rv + ©) ~esf+ ~k2s2B+2 [ (2 4+ L) esf — Zesf, + esfy, <
t s 2 s3 st s? <
2k2sPesf

5. Conservation Laws Related to the Hamilton-Jacobi-Bellman Equation
with Time Fraction

A basic concept states that during the evolution of an isolated system; the overall amount of a certain physical quantity
stays constant. In mathematical terms, this principle is expressed as a conservation law. Conservation laws have a wide
range of applications across various scientific disciplines. One of the most important uses of symmetry groups is in
constructing singular solutions for PDEs, integro-differential equations, and their respective systems. It was Noether who
first formally established the relation between symmetry groups and conservation laws in 1918, proving that, given a
Lagrangian exists for the Euler-Lagrange equations, one could systematically determine the related conservation laws. The
Noether's theorem offers a way to identify conservation laws. For systems with fractional derivatives, there is some
literature that computes conservation laws by Noether’s theorem (see (Agrawal, 2002) and (Riewe, 1996)). Based on this
they also established conservation laws for equations describing fractional diffusion and the Noether's operators of their
fractional extension in formal Lagrangian (Lukashchuk, 2015) and through lbragimov classfractor theorem (lbragimov,
2007). In this part, we derive the conservation rules for the TFHJBE issue using Ibragimov's technique. For the fractional
HJB equation (2) there is, as for any conservation law, an associated continuity equation that embodies this property



170 = Al-Bderi. H J K: Symmetry-Based Analysis and Conservation Laws of the Time-Fractional Hamilton...
(Jabber & Eswad, 2025).
D(CY) + D5(C) + Dy(CY) = 0| g z=0 (24)

where t, s, v, H, and derivatives of H are functions of the conserved vectors. Here D; indicates the total derivative of
variable i. Thus, the fractional equation (2)'s formal Lagrangian can be found as:

1
L =V(t,s,v,H)F; = V(t,s,v)(D{H + psHg + (rv + OH, + EkZSZB+ZHSS

2
_ [(u—r)Hy+k2s2B+1H (]
2k2s2BHyy

) (25)

V(t,s,v,H) represents the new dependent variable. This leads to the following form for the adjoint equation of equation

Fr=2t=0 (26)

The Euler-Lagrange operator to the variable H, denoted by %, is defined as follows:

[ d

a i a F] F] F]
= & —-Dy—+Dyg—+Dys—+ Dyy —
V 9Hy + Dss OHgs + Dys OHys + Dwy OHyy

an —on T PO 35em ~ Ds g

(27)

where (D) is the fractional derivative D adjoint operator. One way to express the RLD adjoint operator is as follows:
—aymny _ €

(oDf)" = (=1)"tlz"*(DY) = D (28)

The Caputo time-fractional derivative on the right side is defined as: ED%.

c m-— u™ b (M5
DR = (~D™uy~(DPf()) = e J; (S_t)a_fm ds (29)
When the admissible V(t,s,v,H) is not equal to zero and the adjoint equation (26) holds for all the solution of equation
(2), after replacing in equation (2) some non-linearly self-adjoint equation. Substituting the formal Lagrangian (25) into this,
yields the ensuing adjoint fractional (HJB) equation (Gazizov et al., 2015):
F* = DYV = Dy(usu) — D, (v + V) + Dyg (3k2s2P+2V) + D, (S ie) o (Lopibe)

k2s2BH 2Kk252BH2,
Dy (k2526+2HV5) Dy, (Héskzszﬁn) +D, (m) ~ D, ((p—r)sHv) + Dy, (m) (30)

Hyy HZ, Hyy Hyy HZ,

After some simple computation, we can find all the injection of V(t,s,v,H) for (HJB) equation non-linear self-adjointness
and we get:

V(t,s,v,H) = 0()Y(t, s, v, H) (31)
Where the function ¢(t) is a consequence from
(oDg)'0(t) = ((Dfo®) =0, 9 () =C (32)

C is an arbitrary constant. The substitution (t,s,v,H) is exactly the same as the classical (HJB) substitution:
y(t,s,v,H)=C, where an arbitrary constant is denoted by C. Consequently, it has been demonstrated that the time-fractional
(HJB) equation is non-linearly self-adjoint.

If part of fractional Noether's theorem (Lukashchuk, 2015), the components of conserved vector is obtained under a
representation of Noether's operators acting over the Lagrangian. Given three independent variables: t, s and v which are
the common independent coordinates with respect to H, one of the general forms of Noethers identity can be deduced in
its simplest form.

X + De(1)T + Dy(§) + Dy()g = W + DNt + DN® + D,NY (33)

| is the identity operator in the aforementioned identity, X is a prolongation for the Lie symmetries (19), Nt, NS and
NV are the Noether's operators, 8% stands for the Euler-Lagrange operato., and the characteristic of symmetry X is W =
{— tH; — €H, — nH,. The following is the fractional Noether's operator N*:
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N' = £+ DEL (W) 5t +] (w Dy (DRH)) (34)
_ 1 T h(tx)?(Lx)
](h' -f) - F(n—a)f f (u .[)0(+1 n d d (35)

DJ(h, ) = h B¢ — £0IP~%h (36)

The Noether’s operator sand v inidentity (33) are defined by the following relations respectively

Dy 5= = Dy 5i=) +Du(W) (5:5=) + Ds(W) (5:) (37)

i) (38

If applying Noether's identity (33) to the formal Lagrangian (25) for arbitrary form of symmetry X of equation (2), and
then any solution of this equation, from the equality it follows that right-hand side is: even if left-hand side equals zero:

NS =L+ W (50—

a

NV=nL+W(%—DSaH DVaH)+D(W)( )+DV(W)(

D¢(NtL) + Dg(NSL) + Dy(NVL) | ()= = 0 (39)

A conserved vector for any Lie symmetry of equation (2) may be found by comparing (39) and (24), with components
specified by:
Ct=N'L ,C5=NSL ,CV=N'L (40)
Thus, Eq. (40) may be used to generate the conserved vectors related to the Lie point symmetries of the TFHJBE.
Conservation laws for symmetry X .

For the symmetry X, the characteristics is as W = —(c + rv)H, . Consequently, the symmetry X, yields the following
conserved vectors using (40):

Ct = clf"*(—(c + rv)H,)

CksBJr

= —(c+ rv)H, |usC — —(26 + 2)k2s2B+1C +
u

(-rH, — (c + rv)H,,) (

i (HyyHuus = HugHo) + 25 (2, — How)| +

K252B+2
S s SO (e + ), GK3sP420)
2Hyy Hyy 2

(2B+2)Ck?s?PT1Hys | CK2s2PH2Hygs  Ck?s?PH2HygHyys  C(u-r)Hy  C(u-r)sHys
2Hyy 2Hyy 2HZy Hyy Hyy

2

—Ck2s2B+2y Cs(u—nH —P)Hy+Kk2s2B+1H

vs _ Cs(u-r) v) + (—I'HV _ (C + rV)HVV) [(n-DHy > vs|
2Hyy Hyy ZkZSZB’Hvv

CV = —(c+rv)H, [(c +rv) + +

C(u—r)sHyHyys
Hiy

] — (c+ rv)Hyg (

Conservation laws for symmetry X, .
For this generator the characteristic is as W = —sH,,. So, using (40), conserved vectors Ct, CS and CV are given by

Ct = cI~%(—sH,)

Ck2s2B+2 (u—r)sC

1
cs = (_SHV) [USC - E(ZB + 2)k2523+1c + (vavas - Hvsvav) + (H\er - vav)]

HZy HZy
—Ck?s%P+2H . Cs(u—r)H, 1
+ (—sH - + (—H. — sH..)(=Kk2s2B+2(
( W)< i o) = sH) G )
CcV = (—SH [(C + I'V) + (ZB+2)Ck2526+1Hvs CkZSZB+2HVSS _ Ck2526+2Hvsvas _ C(p—nHy _ C(u—r)sHys + C(H_r)SHVHVVS] _
v 2I-lVV 2I-lVV 2H\21V HVV HVV H\ZIV

Ck2s2B+2H,  Cs(u-r)Hy [(u—r)Hv+kzszﬁ+1HVS]2
(Hy o sHyg) (S5 = S00) + (st B

Conservation laws for symmetry X,
Finally for the generator X5 the characteristic is as W = —H. Thus using (40), conserved vectors are as
= clg™*(=H)

2B+2
€5 = (=H) [1sC = 2 (2B + K221 + T2 (H, oy — HygHyy) + S0 2C (H3, — How)| +

VV

—CKk2s2B+2H,¢  Cs(p-r)Hy
() (S0 St iy
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(ZB+2)CkZSZB+1HVS + CkZSZB+2Hvss _ CkZSZB+2Hvsvas _ C(u—r)Hy _ C(u—r)sHys + C(U_r)SHvvas] +
2]-IVV 2]-IVV ZH\ZIV HVV HVV H\ZIV

CV=(-H [(c +rv) +

(- )(_Ck252[3+2]-[vs _ CS(u—F)Hv) +(—H )[(p—r)Hv+k2528+1HVS]z
s 2Hyy Hyy v 2k2s2BHZ,,

6. Conclusions

This work's primary goal is to demonstrate, step-by-step, how the TFHJBE issue may be studied and solved using
the Lie symmetry approach. The methods presented are then used to derive the conservation rules for FDEs utilizing RLD
of order a € (0,1), which do not have a standard Lagrangian structure. All things considered, the Lie group analysis method
works well for getting precise answers to a variety of FDEs. These findings are expected to spur more investigation,
resulting in more sophisticated and effective techniques for resolving fractional integro-differential equations (FIDEs).
Future research might examine the use of numerical techniques to answer Eq. (1) and other uses of Lie symmetry analysis
in mathematical finance issues.
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