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ABSTRACT

problems in uncertain environments. Despite their usefulness, HM operators face some KEYWORDS

significant limitations in expressing complex relationships between input variables and are Shapley Fuzzy Measure,
sometimes hampered by incomplete information management. To address such limitations, Heronian Mean,

this study presents a new decision-making approach basOed on the Shapley fuzzy metric a-Cut Neutrosophic Z-Number
(SFM) and an improved generalized weighted HM operator (IGWHM) in the context of a-cut Sets,

neutrosophic z-numbers (a-NZNs). This improved technique combines z-number theory,
neutrosophic logic, and a-cut analysis. This approach promotes a more accurate and
scalable means of representing uncertainty and reliability by defining a-cut neutrosophic z-
numbers across different alpha levels. This reduces information loss during reasoning and
enhances the capture of complex relationships between decision criteria. Therefore, this
study introduces new operator: a-cut neuromorphic z- numbers Shapley improved
generalized weighted Heronian mean (a-NZN-SIGWHM). This operator introduces the
Shapley fuzzy value with Shapley mean in the a-NZN environment, providing an effective
solution to MCDM problems based on inaccurate data. Furthermore, the influence of k and
g on the clustering results is tested, observing their significant impact on decision-making
outcomes. Finally, a numerical case study is presented and fully implemented to validate the
effectiveness of the proposed method. The results confirm the consistency of the
classifications obtained using different parameters. Overall, the results demonstrate that the
proposed approach based on a-NZN performs effectively across decision criteria, providing
a more comprehensive and reliable tool for solving complex real-world MCDM problems.

Aggregation Operator,
Decision-Making

1. Introduction

In the decision-making environment, decision makers (DMs) are constantly challenged when classifying alternatives
by numerical values due to the inherent complexity and uncertainty of real-world problems. To address these problems,
the concept of a fuzzy set was introduced in Zadeh (1965), which expresses fuzziness through a single degree of
membership within the interval [0, 1]. Since then, numerous methods and mathematical expressions for fuzzy sets have
been proposed, such as the intuitionistic fuzzy set (IFS), the interval-valued fuzzy set (Zadeh, 1975), and the Pythagorean
fuzzy set (PFS) (Yager, 2013). Despite these advances, many traditional fuzzy set proposals still struggle to handle the
unlimited and incomplete data typically encountered in real-world decision-making environments.

To address such problems, the neutrosophic set (NS) was proposed in Smarandache (1998) as a generalization of
fuzzy and intuitionistic sets. NS is defined by three separate membership variables: truth, indeterminacy, and error, which
helps model incomplete and inconsistent data to a greater degree. Due to its non-standard interval [0, 1*], the neutrosophic
set is difficult to handle in computational decision-making mechanisms. To simplify the process, the single-valued
neutrosophic set (SVNS) (Wang et al., 2010) and the interval neutrosophic set (INS) were introduced, where membership
degrees are defined by upper and lower intervals to facilitate the representation of uncertainty.

Following the continuous changes, fuzzy set theory has been generally presented in the preferences of DMs. The
fuzzy set (Dubois & Prade, 1978) was presented as a generalization of the fuzzy set; however, the ability to translate fuzzy
sets is still effective. To overcome this limitation, the neutrosophic (NV) fuzzy set was studied in Alkhazaleh (2015) and
was widely introduced for its mathematical properties. However, many problems still remain in the decision-making
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process, as there are shortcomings in describing the degrees of truth, falsehood, and indeterminacy with single numerical
values but with intervals. Therefore, the concept of a-cut neutrosophic z-numbers (o — NZNs) was introduced (Hashim et
al., 2019), which helps in both interval-neutrosophic and fuzzy sets. The a — NZN technique uses interval-based
membership functions that help reveal useful uncertainty details and reduce missing information during the classification
process. By comparing with NV and INS, a — NZNs enhance the ability to translate data more widely and is particularly
powerful in uncertain multi-criteria decision making (MCDM) (Al-Quran et al., 2020).

In addition, aggregation operators (AOs) are a mainstay of MCDM, combining multiple features into a single expressive
value. Among these, the Heronian mean operator (HM) (Beliakov et al., 2007) is particularly powerful and robust in
representing the interrelationships between input elements. Furthermore, several extensions have been introduced, such
as the generalized Heronian mean (GHM) (Sykora, 2009), the intuitionistic interval-valued fuzzy Heronian mean (Yu & Wu,
2012), and the hesitant double Pythagorean fuzzy Heronian mean (Tang et al., 2019). Further improvements include the
linguistic fuzzy Heronian mean operators (Shi et al., 2019) and the weighted Heronian mean operators (Peng et al., 2018).
Despite these advances, traditional Heronian mean operators can sometimes be poor at translating interactions between
features, leading to easy information scatter.

To solve the problem of dispersion, the Shapley fuzzy measure (SFM) is applied to create a correlation between the
overall interactions of decision attributes in the clustering process. This measure, introduced in cooperative game theory
(SHAPLEY, 1953), has been widely used in decision-making processes to evaluate the weights of criteria (Lin et al., 2019;
Wan et al., 2020). By taking into account the correlations with incomplete weight information, the use of the Shapley fuzzy
measure enriches the interpretation of each criterion more accurately than classical weighting techniques (Hamza, 2025).

Moreover, although the HM and SFM metrics were introduced into SVNS in Tian et al. (2020), this concept still faces
many gaps in effectively capturing uncertainty and incompleteness. To fill these gaps, this study introduces new aggregation
operator, namely a-cut neutrosophic z- numbers Shapley improved generalized weighted Heronian mean (o« — NZN —
SIGWHM). This operator combines the fuzzy Shapley measure with the Heronian Shapley mean in the a-NZN environment,
helping to create a more flexible and effective MCDM problem.

Finally, this paper is structured as follows. Section 2 introduces the definitions, operational laws, and degree functions
of a-NZNs, the key concepts of fuzzy metrics, Shapley values, and Heronian mean operators. In Section 3, we expand the
formulation of the proposed a — NZN — SIGWHM operator and explain their theoretical properties. Sections 4 and 5 apply
the proposed operators to MCDMs. Section 6 presents an analysis of the effects of the g and k parameters and a
comparative analysis. Finally, Section 7 concludes the study and outlines potential directions for future research.

2. Literature Review

Aggregation factors (AOs) play an effective role in decision-making processes and issues, enabling multiple evaluation
criteria to be combined into a single template. Furthermore, several well-known aggregation factors have been proposed
to aggregate diverse evaluation data with high accuracy, the most important of which are the arithmetic mean (AM) and
the geometric mean (GM), which is primarily used in precise problems. The arithmetic mean (AM) focuses on collective
opinion, while the geometric mean (GM) focuses on individual decisions (Pdlya & Szegd, 1972).

Several researchers have developed aggregation in the decision-making process, adding their weighting proposals to
these factors. The geometric mean was proposed by Saaty (1980) and the weighted average (WG) in the application of
ratio-based decisions, while Hwang and Yoon (2012) introduced the weighted average (WA), known as the simple additive
weighting (SAW) method, which takes into account the dispersed importance scores among criteria.

Beyond these terms, generalized forms have gained the attention of researchers, such as ordered weighted average
(OWA) operators and ordered weighted geometric (OWG) operators. The OWA operator, initially defined by Csiszar (2021)
describes a weight vector that represents a decision maker's path toward correctness or error, with data ranked from
highest to lowest in importance. The OWG operator was then introduced by Chiclana et al. (2002), who proposed combining
the terms WG and OWA. Due to their widespread use, the OWA and OWG operators have been developed for broader
domains and deal with various non-precision problems (Torra, 1997). Since then, these operators have focused primarily
on algebraic summation, which reduces their efficiency in more complex summation environments. To overcome these
problems, the Dombey 7-norm and 7-conorm were introduced (Dombi, 1982), which further improve efficiency by including
operational constraints within uncertain information. Since then, these operations have been studied on more operators in
numerous clustering frameworks. Shi and Ye (2018) introduced Domby operations by extending the clustering operators
for neutrosophic information, introducing the Domby weighted arithmetic mean and the Domby weighted geometric mean
operators. Kamaci et al. (2021) applied the Domby 7-norm and 7-conorm to a neutrosophic dipole set to construct more
accurate clustering operators.

Another influential area of clustering operators is the power average (PA), proposed by Yager (2001). The PA operator,
Power Average (POWA), is a nonlinear weighting mechanism that allows data values to reinforce each other during the
clustering process. This property makes PA operators particularly efficient in correlations between criteria. Liu and Tang
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(2016) extended the PA operator by using an elasticity parameter (T), providing greater effectiveness in handling decision-
making situations. In addition, Liu and Luo (2016) presented practical schemes of force aggregation operators in simplified
neutrosophic group (SNS) problems and applied them to investment decision problems, demonstrating their practical
effectiveness.

3. Preliminaries
In this section, the main definitions of the « — NZN — SIGWHM aggregation operator are briefly introduced.
3.1 a-NZN and its Operations

Definition 1. Let X be a reference set and x be generic element in X, the « — NZNs at a level « is defined as follows
=[x ((TF(), TE)), (150, 15 (), (FF (%), F§(0))), x € X].

where T (x): Truth value at a~cut level, with TZ(x) as its associated reliability at a —level, I (x): Indeterminacy
value at a-cut level, with I§ (x) as its associated reliability at a-level, F¥ (x): Falsity value at a-cut level, with F§(x) as its
associated reliability at « —level. Each value component lies within [0,1] for a given a€ [0,1], 0 < T,F (x)+ IF (x)+ FF (x)
<3and 0 < TFQ)+IF(x)+ Ff(x) < 3.

The operational laws of a-NZN are defined as follows.

Definition 2. Let A=((T%,,T%,), (1%,,1%,), (F&,F%,)), and B=((T%,, T%,),

(1%,,1%,), (F& ,F%,)), be two a-NZN Then,

i)  Addition
A @ B=((T§, +T§, - T4T, Tk, + T, — THTH,), (%1%, 1%,1%,),
(FV,FV,, FR,Fg,))- (1
ii) Multiplication
AQ® B=((T} T, Tk T%,), (IS, =191, 1%, + 1%, — 1%, I%,),
(F$1+FVZ—F%F%z,Fi’e‘l+FR2—F%1F%2))- (2)
i) Scalar Multiplication
M=((1-A-THH1-A-TD), (DL ADY, (FHLED). (3)
where A > 0.
iv) Power
@ =((THHTHH), A1 -A-IHH1-A -IDY), A - A -FHA,
1- (1 -FHMH). (4)
where A > 0

To compare the two presented a-NZN, the function score of a-NZN utilized in the study. It was conducted by Sahin
(2014) which represented as the following.
Definition 3 (Al-Quran et al., 2020). Let A in previous definition be a-NZN, then the score function Y4 is defined

follows:
a a a a a
((r T Ri) L ( 1% L) i (F ) HF Rz))
2 2 2

Y(Ai): 3 ,f0r Y(Al) € [0, 1] (5)

Respectively, if Yz > Y 45, where Y4 € [0, 1] and supposed A and B are two a-NZN then A is bigger than B,
represented by A > B.

3.2 Shapley Fuzzy Measure

Shapley measure that considers as a significant method in capturing the connection between the components was
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firstly introduced by Sugeno (1974). This approach has been considered in different areas such as game theory and
decision-making. The terms of A —fuzzy measure are represented as the following:

Definition 4. (Sugeno, 1974) Let P(N) be a set of function of N,N = {1,...,n}. Then a fuzzy measure on N is a set
functionu: P(N) — [0,1] which satisfies:

i. Boundary condition: u (@) =0andu (N) = 1.

. Monotonicity: if S,T € P(N), then u (S) < u (T).

Aiming to have simplicity, Sugeno (1974) introduced a significant type of fuzzy measure that is A -fuzzy measure
P(N).

u(S VT =pu(S) + u(T) = Au(S) . Au(T) (6)

Where SNT =@ forall S,T € P(N) and 1 > —1.

1) IfA=0,then u(S UT) =u(S) + u (T). This issue is known as an additive measure that does not indicate
any interaction with S and T.

2) If A >0thenthen (S UT) > u(S) + u(T). This issue shows interaction positively synergic occurs with
Sand T and the set S, T have a multiplicative effect.

3) fA<0,thenu(SUT) < u(S)+ u(T). The set S, T has a substitutive impact and it has a negatively synergic
connection with S and T. Feather, fuzzy measure will be represented as below:

%(H’cﬂ.:s(l +auCh)—1) ,ifA#0

wm(s) = ) @)
¢=s 2 ({C) LifA=0
and the A value will be obtained by finding the solution of the equation:
=s(1+ 4 (C)) = 2+1 (8)

According to the fuzzy measures and fuzzy integral, SHAPLEY (1953) proposed Shapley fuzzy measure. The A-fuzzy
measure has a significant impact on the measure of Shapley fuzzy. However, traditional weighting methods, the fuzzy
measure can interpret each criterion individually. Based on the definition of the fuzzy measure shown in Definition 5, the
fuzzy Shapley measure can be defined as
(NI=IVI-DY V]!

i (D —uW)vien ©

(pl(:u!N) = 2]':1

i#j

where u possess a fuzzy measure on N.|N| and |V| represents the scalar of the set N and V. It is clear that ¢ ;(u,
N) expresses the weight vectors in the sett N as

@i, M>0and X7j— @;(u,N) = 1 (10)

i+j
3.3 The HERONIAN Mean (HM)
Definition 5 (Sykora, 2009). Let the HM factor of dimension 77 be the HM of the assignment: /" — AN such that.

HM(m;) = HM(m ,, ..., m,) = —— 30, [mm; (11)

n(n+1) i)

where N = [0,1]. Next, the formula HM denotes the Heronian mean (HM) operator.
Definition 6. (Sugeno, 1974) Let g,k = 0, and x; (i =1,..,n) be a set of positive numbers, w;= (wy, ..., w,) is
the weight vector of x; satisfyingw; >0 and ¥.;';=; w; = 1. If
i#j
2
nn+1)

Ly S (W )9 (w)*) )7 (12)

Then GWHM9* denotes a generalized weighted Heronian mean (GWHM) operator.
Definition 7. (Sugeno, 1974) Let g,k = 0 and A; be a set of positive numbers, w; = (wy, ..., w,,) is the weight vector

of A; where w; shows the significant degree of 4;, satisfying w; > 0 and X.7';=; w; = 1. Then IGWH9* is calculated as
i#j

GWHMI*(S;) = (

the following:

n n 9. k\g+
(S Sfeiw w9

IGWHM9* (x4, ..., x,) = i (13)
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Then IGWHM9* denotes the improved generalized weighted Heronian mean (IGWHM) operator.
Definition 8. (Sugeno, 1974) Let g,k = 0, and A; be a set of positive numbers. w; = (w4, ...,w,,) is the weight
vector of A; where w; shows the significant degree of 4;, satisfying w; > 0 and X.';=; w; = Then,
i#j

GEWHM(A) = —— T T (%) 1+ (kg )W1)n<n+1> (14)

Then GGWHM9* denotes the generalized geometric weighted Heronian mean (IGWHM) operator.
Definition 9.(Sugeno, 1974). Let g,k = 0, and 4; be a set of positive numbers. w; =(w 4, ...,w,,) is the weight
vector of A4; where w; shows the significant degree of A;, satisfying w; > 0 and X./';=; w; = 1. Then,
i#j
2(n+1-i) w;

IGWHM(A;)= —1‘[ L T (g2 + o )0+ D X v, (15)

Then /GGWHM ¢ *denotes the improved generalized geometric-weighted Heronian mean (IGWHM) operator.

4. Heronian Mean Operators with a-Cut Neutrosophic z-Numbers

This section presents HM and IGHM in the a-NZNs environment and develops two assembly operators, namely a-
NZN-SIGWHM and a-NZN-SIGGWHM.

4.1 The a-NZN-SIGWHM Operator
Definition 10. Let g,k = 0, and A; set of @ — NZN. The Heronian mean factor for « — NZN s is expressed as

1
Safo i e (@3 )|\ 5F

_ _ — i£j
a—NZN — SIGWHM S o )P ) (16)
i#j

where @; (u, N) expresses the fuzzy Shapley measure and considers the fuzzy measure associated withu on A
satisfying ¢@; (u, N) € [0,1] and X.7;=; @;(u,N) = 1, then @ — NZN — SIGWHM9* denotes the a-cut neutrosophic z-
i#j
numbers Shapley improved generalized weighted Heronian mean (o« — NZN — SIGWHM).
Theorem 1. Let g,k = 0 and S; =((T§,T%), (I5,1%,), (Ff. F&))(i =1,..,n) set of @ — NZN, resulting the
aggregated value by the equation (17) additionally can be a « — NZN and

gik
(PL(#N)(P](#N) Z? 1 P; uN)(p] uwN)
a-NZN — SIGWHM9* ($;) = (1 - ( il (T]}"l.)g(T]}"j) ) , (1 -
j=1
@i(WN)@j(N) 2" 1 wl(uN)wj(uN)
( =, 1 - (T )g(TR)> )
] 1
i\ P9 (1N) z{l ) ¢L(MN)¢J(MN)
1-(1- ( ?11—(1—1‘/) (1—1V1)> ( i=1,1-
j=1 j=1

p PiNI@j(N) z"lw,(usz,(um g
(1-1%)’ (1-1%,) > o
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1
1 \g+k
PilwN)@;(WNINTE (pl(y.N)(p](u N)
1- 1—(( {‘=1_1—(1—F$,)g(1—F$)> >11 A-(1- ( =, 1—
i J) j=1

j=1

PN, N>>z{‘ 1,9il N)<p](ﬂ N)

)
= ) (17)

(- )’ (1- 7))

wherei,j = 1,..,n
Proof. By power law of « — NZN in Equation (7), we have

S0? = (@ TR)9), (1- (1 -1)°, 1-(1-18)"), (1 - (1 -F)’,
(1-F£)")).

s {(anrape). (1- (1) - (- 1)). (1- (- )
(1 - F,‘{].)k».

Product rule of « — NZN in Equation (5), we have
G0 ® = (((re)’ (r5,)" )’ (18) ), (1- (=1)” (1-18)’,
1-(1-1%)" (1- Iﬂ,gj)k), <1 —(1-F)’(1- F;"}.)k, 1-(1-F2)’ (1- ng)k))
Consequently, using a scalar multiplication rule of a-NZN in Equation (6), the result is:

. . k\ PiN) @ j(WN) K\ PiN)@j(wN)
01 Moy (1 M((5)? ® (5)9) =<(1—(1—(T52-)“’( %)) - (1- 8 (rs)) )
)«)i(u,N)qu(u,N)

1= =18)9(1 — 1% )k
(( a1,

@i(wN)@j(uN) @i(wN)@j(u.N)
(1-a-rgoa - )™ ), (1= a-rgyoa - rgy )T

)

@i(N)@j(wN)
(1-a-Fgoa - Fg)¥) I )) .

To obtain equations when incorporating summation, by addition rule of « — NZN in Eq. (4), we have

Z?jﬂ PiP;j ((gi)g 02y (gj)k) =

i#j

@i(wN)@j(uN) @i(wN)@j(uN)
<<1 - (e 1= crgpocrs ) 1= (M1 - s ) )((n(l -
. _ j

J=1 J=1

g ke \ @ i@ (N g k| PiN@ (W)
(1-15)" (1-1%) )) ( (1= (-18)° (1-18,) )) >,<(n?=1,(1—
j=1 =1

X )tpi(u.N)tpj(u.N)

(1-r)’(1-r5))
( :}1::11' (1 —(1-rg)’ (1 -~ Fi’e‘,-)k)>(piwij)>> .

Consequently, using the power rule of « — NZN in (4), the result is:
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; n, . . Y] ¢ k) =
I i (WN)e j(wN) Zl'i/;l‘/’l (N ; (1, N) ((51) O] )

ij

1
ei(wN)@j(wN) \ ity 9i(WN)@;(WN)
j=1

1_[ 1 (T8)9(T§) .

{1
\ i=1,
j=1

1- (H” 1,1 = (Tg)?(Tg;

j=1

1
PiNIQILNINTTL | 0N j(N)
") z

1
0i(wN)@j(uN) \ X1, @ i(wN)@ j(1N)
j=1

~ —
L=
—
-
|
~
_
|
é?:
p_\
|
5"
\__/

1

PN NINTT | 0 (1N@ (1N
( ?=1,<1—(1—1‘;gi 1—1“ ) j=1
j=1

1
k Qi(LN)@j(u,N) I 0i(N)@ ()
g i
<<< o (1 -(1-F2)’ (1-Fg) )) =1 :
j=1
1

ey \ i NINTTL | 0i(wN)@ j(1N)
— — F<¢ —_ Fa
(1‘[3:= (1 (1-rFg)’ (1-Fg) )) =t

Thus,

a-NZN — SIGWHM9*(S ;)=

1

1\ g¥k
( @i(N)@j(1N) Z?:L(Pi(ﬂ’N)(Pj(#,N)\l (
/n \ j=1
1= [ [1- aopoasy AE
(Lo
j=1
1
1 ik
/ \<pz(u.1v)<p,-(u.1v) Z?zl_wz(u.N)wj(u.N)\‘
n j=1

_ \H 1— (T%i)g(Ti'e‘j)k/

J=

1

) L
( 1\ CLEN@ NN T (N (1) o
Kl_ 1—(( Lo1-(-1)’ (1-13) ) >f=1 ,1- 1—((1’[?:1,1—

j=1

b
'43
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1
1
oi(u, N)‘P](ll N))Zn 1, @i (N j(N) g+kw
J=1 ,

oi(u, N)‘P}(l‘ N) Zl 1, ‘PL(#N)(P](#N)W

(1-1)"(1- 13;}.)")

—

n j=1

~l1- Hl—(l—F“ ‘(1- “)k
i

1
g+k
PN @ N))Z?_l_ Pl N)qo,(u,N)\ \

)

The Proposition of idempotency, monotonicity and boundedness of a — NZN — SIGWHM were introduced,
accompanied with mathematical proofs. In what follows, we will prove that « — NZN — SIGWHM clustering operator has
the following desirable properties.

The idempotency property is a crucial characteristic that maintains the operator's behavior when inputs are identical.
If decision-makers provide the same truncated o — NZN, the aggregation process will produce the same final
result $;=... = §; =S, all the intermediate calculations such as Shapley weights and Heronian mean interactions become
equal and constant, because there is no variation in the data, the operator has no reason to adjust or modify the values.
Thus, the final aggregated result naturally remains.

a-NZN — SIGWHM9*(S;) =S

_ ( ﬁl -(1-rg)’ (1 —ng)k

This means the operator does not distort uniform information, confirming that it behaves logically and reliably when
all assessments agree.

Theorem 3 (Idempotency) Let S;(i = 1,..,n),setof @ — NZN and S;= S, for all i.

Then,

a-NZN — SIGWHM9*(S;) = a-NZN — SIGWHM9*(S) = §. (18)
Proof. Since S; =S for all i, we get
a-NZN — SIGWHM9*(S;) =

- 1
2i=19: (W N);(u, N) g+k Yij=19i (L N)p;(u, N) e
i+ . - oy .
S9IQS S0
- i#j
.
Z?}':1 @i WN)@;(uN) ik
=S\ @orky | =3,

=1 @i (W)@ (N)
i#j

Monotonicity is an important property that determines whether the coefficient « — NZN SIGWHM is decreasing,
increasing, or constant. A separate proof is then performed, and the proof is presented as shown.

Theorem 4 (Monotonicity). Let S; =((T¢,, T%.), (I5,.1%,), (F%., F§.)y and 7 =((T§,",T%"),

A%, 1%5), (F§,", F%.")) be ant two sets of a—NZN and (i =1,..,n).If §; < S, then

a-NZN — SIGWHM9* ($;) < a-NZN — SIGWHM9*(S}) (19)

Proof.
1)  For the truth part of a—NZN
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When T§ < T and Ty, < T%}.* at i and j with g, k > 0, we have

(T§)9 < (T, (T§)* < (T§,)* , then 1-(T§)9(T§)* = 1-(T§, )9 (T§ Y-

= ( ?=1 1- (Tgl)g(T(‘l/])k

i*j

@i (WN)e j(u,N)
=1-(n?=1 1= (T§)o Ty )" ) < 1-(

i#j

@i (wWN)@j(N)
) = ( ?=1 1- (Tgl*)g(ng*)k

i*j

)fpi (N j(uN)

I.Tl=1 1- (T“;l*)g(Tgl*)k

i#j

1 1

@i WN)Qj(UN)\ g+k 0 WN)j(N)\ g+k

= (1—( ?=1,1—(T%i>g(m,.)k) ) < <1—(H?ﬂl—(m*)g(w}.*y‘) ) :
i#j

i#j

)‘Pi WwN)@;(uN)

2) For the indeterminacy part of a—NZN
When 1§, <19, and I, < I " atiand jwith g,k >0, then we have

S 1§ <187 1%, <19, = (15)935)F < (15,)935,)

=1- (IaVi)g(I%/]‘)k 2 1- (1%1*)9(1%]*)16

ﬁ( lTl=1 1- (IaVi)g(IaV]‘)k

i#j

@i (LN)@j(u,N)
) < ( ?=1 1- (I%i*)g(lgj*)k

i#j

)(pi (N ;(uN)

1
@i (N ;NN T o; (LN)@ (N

n k i%j
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The researchers also proposed the boundary hypothesis, which states that if a-NZN — SIGWHM is stable on a
closed, bounded interval, then a-NZN — SIGWHM is a bounded function. Theorem 5 reveals this.
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Theorem 5 (Boundedness). Let S; =((T¢,, T4 ), (15,.1%,), (F%, F%)), (i =1,..,n) be a collection of a-NZN and
= (min(T{}i,T%i), max(l%i,l‘,’éi), max (thi: F,%i)),
Smax =(max(T§, T§ ), min(I, 1% ), min (R, F§ ), then

Smin

Smin £ @-NZN — SIGWHM9*(S;) < Siax
Proof. Since S; = Syin , We have
a--NZN — SIGWHM9*(S;) = a-NZN — SIGWHM9* (S 1in, Smins -+ - +» Smin) = Smin-
Like, we can get
a--NZN — SIGWHM9*(S;) < a-NZN — SIGWHM9*(Sax, Smaxs - -» Smax ) = Smax
Then,
Smin < @--NZN — SIGWHM9*(S;) < Snax (20)

5. MCDM Approach Based on a-NZN-SIGWHM Operator

An MCDM approach based on the proposed a-NZN-SIGWHM operator is developed in this section. Let 4; ={4 ,,
A,..A,}and C; = {c1, ¢y, ... cn} a set of alternatives and criteria. The collection of DMs is denoted by H ={hy, h;, ... h,}
an assessment is carried out by the pairwise comparison on i — th alternative with reflecting to j — th criterion using the
linguistic variables of a-cut neutrosophic z-numbers. The successive phases of the presented decision-making method
utilizing the a-NZN — SIGWHM are shown as the following:

Step 1. Create a decision matrix D, after surveying experts, D = Tz 1240 F 2, ) gmxmy I the MCDM.

Step 2. Set the value of a-cut to redues the number of alternatives, then D% = (T‘}U , "‘ZU,F‘}U)(an).

Step 3. Shapley fuzzy measure.

The Shapley fuzzy measure can be obtained by Equations (7-8) and the fuzzy measure of each criterion is given by
experts by Equations (9).

Step 4. Comprehensive evaluation.

To calculate the evaluation value of alternatives A4;{i = 1,...,m), by the a-NZN-SIGWHM operator in Equation (17).

Step 5. Score function.

The score function for all alternatives 4,.is calculated using equation (5).

Step 6. Rank.

Order the alternatives using the derivative score function. The general proposed method in figure 1.

Constructs the decision-making matrix
L Data Collection
Linguistics evaluation

1 |
Set the value of by a-cut

3

Calculate the shapely fuzzy measure

3 Aggregation

Computed the comprehensive evaluation by a-NZN-SIGWHM

]
| Find the score function Ii
!
| Rank | ‘ Comparison and Ranking

Figure 1: General Structure of the Proposed Method
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6. lllustrative Example

This section illustrates an example of a company selecting a mobile device vendor to illustrate the applicability of the
0-NZN — SIGWHM operator.

Suppose the company is tasked with choosing an appropriate supplier from several mobile device companies. The
expert panel identifies four suppliers/alternatives, A = {4,, 4, , A3, A,}, all offering mobile devices manufactured in 2023.
There are three DMs {h, h,, ... h, }. The selection process is based on three evaluation criteria: C; (the cost of device), C,
(the quality of the device), and C; (the warranty of device). The four alternatives are found by experts according to the
stated criteria and under a-cut neutrosophic z-numbers environment as represented in the decision matrix D.

6.1 The Procedure of the a-NZN-SIGWHM

Through the six steps and calculations that precede achieving the final arrangement of alternatives, we present them
as follows:
Step 1. Create a decision matrix after surveying experts D = (T, I, F; ) inxn) in the MCDM.

G G Gs
((TVi’ TRi)’ (IVi’ IRi)’ (FVi’ FRi)) <(TVi’ TRi)’ ([Vi’ IRi)’ (FVz' FRi)) <(TVi' TRi)’ ([Vi’ IRi)’ (FVz' FRi))
D =A ((0.8,0.8),(0.1,0.8),(0.1,0.7)) ((0.7,0.7),(0.1,0.7),(0.1,0.9)) ((0.8,0.6),(0.2,0.7),(0.3,0.7))
A z ((0.9,0.7),(0.1,0.4), (0.1,0.2)) ((0.7,0.7),(0.1,0.1), (0.2,0.3)) ((0.9,0.8),(0.4,0.2),(0.2,0.4))
A, {((0.7,0.6),(0.2,0.1),(0.4,0.2)) ((0.8,0.8),(0.2,0.3),(0.3,0.1)) ((0.8,0.7),(0.3,0.4), (0.4, 0.3))J
((0.8,0.8),(0.1,0.3),(0.1,0.4)) ((0.7,0.7),(0.1,0.3),(0.1,0.2)) {(0.8,0.6),(0.2,0.3),(0.3,0.2))

4;
1

Step 2. Set the value of a-cut to redues the number of alternatives, if @ = 0.5, then

DOC:O-S = <T‘ZZL] ’ aZU’ FaZﬁ])(mXTl)

[ G G, Cs 1
A | (T8, T8), (8, 18), (R FE)y - (T8, T), (1%, 18), (RS, F&))y - (T, T8, (1%, 18,), (%, F&.))
Da=05 _ A, Excluded Excluded Excluded

4,4]((0.7,0.6),(0.2,0.1), (0.4,0.2))  ((0.8,0.8),(0.2,0.3),(0.3,0.1)) {((0.8,0.7), (0.3,0.4), (0.4, 0.3))
((0.8,0.8), (0.1,0.3), (0.1,0.4))  ((0.7,0.7),(0.1,0.3),(0.1,0.2)) {(0.8,0.6), (0.2,0.3), (0.3,0.2))

Step 3. The Shapley measure for all criteria is obtained through expert consensus as follows:

u(hy) =0.3, u(h,) =0.35, pu(hs)=0.45

Since A = -1 considered the only to be accepted, A = -0.26 was chosen to be taken, based on Eg. (8), we get
A+1=(1+0.4 1) (140.25 1) (1+0.45 1),

0.04523+0.392522+0.11=0=> 1 =0, -0.26,-8.15

By Eq. (8), the Shapley fuzzy measure of DMs was calculated as follows

iy, hy) =3 (1 + Ap(h))(1 + Au(hz)) = 1)
uhy, hp) = ——

pi(hy, hy) = 0.62, by similar calculation, we have p(hy, hs) = 0.71, u(hy, hs) = 0.76, u(hy, hy, hs) = 1.

_Agl((o.9,0.7),(0.1,0.4),(0.1,0.2)) ((0.7,0.7), (0.1,0.1), (0.2, 0.3)) ((0.9,0.8),(0.4,0.2),(0.2,0.4))‘

((1 - 0.26(0.4))(1 — 0.26(0.25)) — 1)

p(hy) =03 . plhz)=0.35 . p(hz)=0.45
Interaction Interaction

u(hy, hg))=0.62 p(hy, h3)=0.71 ulhz, h3)=0.76

u(hy, ha, hg) =1

Figure 2: The Overall Fuzzy Measure
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By applying Eq. (8), the fuzzy measure of the weight criteria, which obtained as follows
u(cqy) =0.412, u(c,) = 0.221, u(cs) = 0.412.
With similar computation, the Shapley measure representing the weight of criteria is given as follows

@i W,N) = Yyeni

i*j

EEEEVE (w(v v ) = p(V) Vi €N

(3-2-1)12!
3!

91 G, N)= S (u(hy) — p(@)) + S22 (ulha, he) = () + (o, he) = p(hy))) +

3!

(#(hp hy, h3) — u(hy, h3))
01 (WN) = %(0.3 —0)+ %((0.62 —0.35)(0.71 — 0.45)) + % (1-0.76)

¢ 1 (u, N) =0.27, in similar manner, we get ¢ , (1, N) =0.32, ¢ 5 (u,N) =0.41.

In parallel, the Shapley measure, which represents the weight of the criteria, is calculated as follows
¢ 1 (u, N) = 0.4. In similar manner, we get ¢ , (u,N) = 0.2, @5 (u,N) = 0.4.

Step 4. Calculate the total value of all alternatives using Eq. (17). When g = k = 1, we get

A;= Excluded.

A,=((0.4032,0.2492), (0.6683,0.6953), (0.6121,0.7986)).

A3=((0.293,0.2125), (0.717,0.766), (0.7844,0.6683)).

A,=((0.2884,0.2014), (0.547,0.7914), (0.6131,0.7438)).

Step 5. Eq. (8) is used to calculate the values of the score function.

Al is EXC/UO'BO’, Y(SOCZZ) = 0313, Y(SOCZ?’) = 02616, Y(SaZ‘l,) = 0.2991.

Step 6. Rank the alternatives
The values of the score function form the basis for ranking the alternatives as 4, > A, > A, and A4 is excluded.
Therefore, the best alternative is A4,.

7. Effect of Parameters

To examine the effect of the parameters g and 4 on the results of alternatives under diverse values of g, & can be
used. The consequence ranking output and the obtained score functions are represented in the following table:

Table 1: The Ordering of Alternatives for Varying g, k Values

g,k a— NZN — SIGWHM
g=Lk =1 A, > A, > A,
g=1k =2 %2>%4>%3
9=2k=0 Ay > Ay > Ay
g =1k =3 A,> A, > A,
g =5k =3 Ay> Ay > A,
g=3k =5 A, > A, > A,
g =10,k =2 %2>,§4>,§3
g =10k =1 A,> A, > A,
g =002,k =1 A, > A, > A,

According to Table 1, the stability of the rankings across various values of g and 4 demonstrates that the decision
results remain consistent and robust despite changes in parameter settings. This robustness is particularly important for
practical MCDM applications dealing with uncertain or imprecise information, as the operators produce identical ranking
orders under all tested parameter combinations. Such consistency indicates that the method effectively captures and
aggregate the underlying information in a reliable manner, even though they differ in their structural and computational
formulations. Therefore, the convergence of the ranking results suggests that incorporating the Shapley measure within
the a-NZN framework enhances the efficiency and stability of the aggregation process across different parameter values.

8. Comparative Analysis

Table 2: (a) Comparison between Current Aggregation Operators

Method Interaction of DMs and Aggregated Parameter The Interrelationship between
Criteria Weight Input Arguments
SVNWAA No No No

SVNWGA No No No
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Table 2: (b) Comparison between Current Aggregation Operators

Method Interaction of DMs and Aggregated Parameter The Interrelationship between
Criteria Weight Input Arguments
a-NZN-WA No No No
a-NZN-WG No No No
0-NZN-SNWBM Yes Yes Yes
0-NZN-SNGBM Yes Yes Yes
0-NZN-SIGWHM (Proposed Yes Yes Yes
Method)

Table 3: The Comparison with Existing Method

Method Ranking
SVNWAA Ay> Ax> Ay> A3
SVNWGA A>A> Ay > A,
a-NZN-WA Ay>A>A
a-NZN-WG A A, > A
a-NZN-SNWBM"! A,>A,>4,
a-NZN-SNGBM": A, >4, >4,
a-NZN-SIGWHM"'(Proposed Method) A, >A,>4,

To demonstrate the advantages and reliability of the proposed method, several clustering methods in a truncated (o-
NZN) environment were compared, including the proposed a-NZN — WA, a—NZN — WG, a-NZN — SIGWHM!, a-
NZN — SIGWHM?', a-NZN — SIGWHM?', along with SYNWAA and SYNWGA. The results show that traditional
methods such as SVNWAA and which rely on simple geometric and weighted averages, fail to account for inter-criteria
relationships, often leading to biased classifications. Similarly, a-NZN-WG and a-NZN-SNGBM'' focus on multiplier effects,
making them sensitive to extreme or inconsistent data. In contrast, the proposed methods integrate the Shapley Fuzzy
Metric (SFM) with the Improved Generalized Heron Mean (IGHM), allowing them to observe synergistic and compensatory
interactions between decision criteria. Consequently, these methods produce stable and consistent classifications
(A,>A,>4;) across different criteria, demonstrating greater robustness, reliability, and efficiency in handling uncertainties
and MCDM problems compared to current methods.

9. Conclusion

In this paper, a new approach based on @ —cut neutrosophic z —numbers (@ — NZNs) is presented. This study aims
to address decision-making problems based on uncertainty and interdependence in a MCDM environment. The study
combines the Shapley measure (SFM) and the Heronian mean operator (HM) to efficiently link the relationships between
evaluation criteria and decision-makers' preferences.

New aggregation operator was developed: a —cut neutrosophic z-numbers Shapley improved generalized weighted
Heronian mean (a¢ — NZN — SIGWHM). This operator leverages the advantages of a —cut-off levels, neutron
representation, and fuzzy measurement theory to support the proposal and make it more comprehensive and flexible for
decision-making.

The results derived from the proposed framework for a case study of mobile network selection decision-making reveal
that proposed operator demonstrated consistent and effective results across various parameters, g and k. More
specifically, the ranking of the alternatives remained unchanged, indicating the robustness and reliability of the model and
their insensitivity to parameter changes. The identical ranking results for operator also demonstrate a high degree of
similarity (100%), indicating that accurately.

By monitoring these high-level interactions between decisions criteria, the proposed a« —NZN-based HM operators
demonstrate an effective and accurate tool for decision-making in the face of uncertainty and complexity in data analysis
and other practical applications. Future research could explore extending the operation of these operators to represent
dynamic decision-making problems, integrating them with other models that provide deep optimization, or studying them
for large-scale decision-making problems.

10. References

Al-Quran, A., Hashim, H., & Abdullah, L. (2020). A hybrid approach of interval neutrosophic vague sets and DEMATEL with
new linguistic variable. Symmetry, 122), 275.



50 = Awajan. K'Y & Bin Ab Ghani. A T: a-Cut Neutrosophic Z-Numbers with Shapley Improved Weighted Heronian...

Alkhazaleh, S. (2015). Neutrosophic vague set theory. Critical Review, 10, 29-39.
Beliakov, G., Pradera, A., & Calvo, T. (2007). Aggregation functions: A guide for practitioners (Vol. 221). Springer.

Chiclana, F., Herrera, F., & Herrera-Viedma, E. (2002). The ordered weighted geometric operator: Properties and application
in MCDM problems. In Technologies for Constructing Intelligent Systems 2: Tools (pp. 173-183). Springer.

Csiszar, 0. (2021). Ordered weighted averaging operators: a short review. /EEE systems, man, and cybernetics magazine,
72), 4-12.

Dombi, J. (1982). A general class of fuzzy operators, the DeMorgan class of fuzzy operators and fuzziness measures
induced by fuzzy operators. Fuzzy sets and systems, 82), 149-163.

Dubois, D., & Prade, H. (1978). Operations on fuzzy numbers. /nternational Journal of systems science, 46), 613-626.

Hamza, A. H. (2025). Exploring the B-Spline Transform for Estimating Lévy Process Parameters: Applications in Finance
and Biomodeling. Leffers in Biomathematics, 121), 21-30.

Hashim, H., Abdullah, L., & Al-Quran, A. (2019). Interval neutrosophic vague sets. Meutrosophic sets and systems, 25, 66-
75.

Hwang, C.-L., & Yoon, K. (2012). Multiple attribute decision making: methods and applications a state-of-the-art survey.
Springer Science & Business Media.

Kamaci, H., Garg, H., & Petchimuthu, S. (2021). Bipolar trapezoidal neutrosophic sets and their Dombi operators with
applications in multicriteria decision making. Soft Computing, 2513), 8417-8440.

Lin, J., Zhang, Q., & Meng, F. (2019). A novel algorithm for group decision making based on continuous optimal aggregation
operator and Shapley value. /nternational Journal of Uncertainty, Fuzziness and Knowledge-Based Systems, 27(06),
969-1002.

Liu, C., & Luo, Y. (2016). Correlated aggregation operators for simplified neutrosophic set and their application in multi-
attribute group decision making. Journal of Intelligent & Fuzzy Systems, 3((3), 1755-1761.

Liu, P., & Tang, G. (2016). Some power generalized aggregation operators based on the interval neutrosophic sets and
their application to decision making. Journal of Intelligent & Fuzzy Systems, 3X5), 2517-2528.

Peng, H.-g., Wang, J.-q., & Cheng, P.-f. (2018). A linguistic intuitionistic multi-criteria decision-making method based on
the Frank Heronian mean operator and its application in evaluating coal mine safety. /nfernational Journal of Machine
Learning and Cybernetics, 46), 1053-1068.

Pélya, G., & Szeg0, G. (1972). Problems and Theorems in Analysis /. .
Saaty, T. L. (1980). The analytic hierarchy process. In: McGraw-Hill.

Sahin, R. (2014). Multi-criteria neutrosophic decision making method based on score and accuracy functions under
neutrosophic environment. arXiv preprint arXiv: 1412.5202.

SHAPLEY, L. (1953). A value for n-person games. Contributions to the Theory of Games, 307-317.

Shi, L., & Ye, J. (2018). Dombi aggregation operators of neutrosophic cubic sets for multiple attribute decision-making.
algorithms, 11(3), 29.

Shi, M., Xiao, Y., & Wan, Q. (2019). Extended Heronian Mean based on hesitant fuzzy linguistic information for multiple
attribute group decision-making. Complexity, 207141), 1245353.

Smarandache, F. (1998). Neutrosophy: neutrosophic probability, set, and logic: analytic synthesis & synthetic analysis.
Sugeno, M. (1974). Theory of fuzzy integrals and its applications. Docforal Thesis, Tokyo Institufe of Technology.
Sykora, S. (2009). Mathematical means and averages: Generalized Heronian means. Stan’s Library: Castano Primo, lfaly.

Tang, M., Wang, J., Lu, J., Wei, G., Wei, C., & Wei, Y. (2019). Dual hesitant pythagorean fuzzy heronian mean operators in
multiple attribute decision making. Mathematics, 74), 344.

Tian, C., Peng, J. J., Zhang, Z. Q., Goh, M., & Wang, J. Q. (2020). A multi-criteria decision-making method based on single-
valued neutrosophic partitioned heronian mean operator. Mathematics, &7), 1189.



LETTERS IN BIOMATHEMATICS & 51

Torra, V. (1997). The weighted OWA operator. /nternational journal of intelligent systems, 122), 153-166.

Wan, S.-P., Yan, J., Zou, W.-C., & Dong, J.-Y. (2020). Generalized Shapley Choquet integral operator based method for
interactive interval-valued hesitant fuzzy uncertain linguistic multi-criteria group decision making. /EEE Access, &,
202194-202215.

Wang, H., Smarandache, F., Zhang, Y., & Sunderraman, R. (2010). Single Valued Neutrosophic Sets.

Yager, R. (2001). The power average operator. /EEE Transactions on Systems, Man, and Cybernetics, Part A: Systems and
Humans, 31(6), 724-731.

Yager, R. R. (2013). Pythagorean fuzzy subsets. 2013 joint IFSA world congress and NAFIPS annual meeting (IFSA/NAFIPS),

Yu, D., & Wu, Y. (2012). Interval-valued intuitionistic fuzzy Heronian mean operators and their application in multi-criteria
decision making. African Journal of Business Management, 611), 4158.

Zadeh, L. (1975). The concept of a linguistic variable and its application to approximate reasoning. /nformation Science, 1.
Zadeh, L. A. (1965). Fuzzy sets. /nformation and control, 83), 338-353.




  ( α − NZNs )


  α − NZN


  α − NZNs


  α − NZN − SIGWHM


  α − NZN − SIGWHM


  α − NZN − SIGWHM


  X


  x


  X


  α − NZNs  


  𝛼  


    S ˇ = [ x ,    〈  (   T    V  𝛼  ( x ) ,   T    R  𝛼  ( x ) ) ,  (   I    V  𝛼  ( x ) ,   I    R  𝛼  ( x ) ) ,    (   F  V  𝛼  ( x ) ,   F    R  𝛼  ( x ) ) 〉 ,     x ∈ X ]


    T  V  𝛼 ( x )


    T  R  𝛼 ( x )


  α −


    I  V  𝛼  ( x )


    I  R  𝛼 ( x )


    F  V  𝛼 ( x )


    F  R  𝛼 ( x )


  α −


    ∈


      T  V  𝛼  ( x )


      I  V  𝛼  ( x )


      F  V  𝛼  ( x )


        T  R  𝛼  ( x )


      I  R  𝛼  ( x )


      F  R  𝛼 ( x )


  𝛼


    A ˇ  


   〈  (   T        V 1  𝛼 ,   T        R 1  𝛼 ) ,  (   I        V 1  𝛼 ,   I        R 1  𝛼 ) ,    (   F      V 1  𝛼 ,   F        R 1  𝛼 ) 〉


    B   ˇ


  〈  (   T        V 2  𝛼 ,   T        R 2  𝛼 ) ,


   (   I        V 2  𝛼 ,   I        R 2  𝛼 ) ,    (   F      V 2  𝛼 ,   F        R 2  𝛼 ) 〉


  𝛼


    A ˇ ⊕   B ˇ


  ⟨


    T      V 1  𝛼 +   T      V 2  𝛼 −   T      V 1  𝛼   T      V 2  𝛼


      T      R 1  𝛼 +     T      R 2  𝛼 −   T      R 1  𝛼   T      R 2  𝛼


    I      V 1  𝛼   I      V 2  𝛼


    I      R 1  𝛼   I      R 2  𝛼


    F      V 1  𝛼   F      V 2  𝛼


      F      R 1  𝛼   F      R 2  𝛼


    A ˇ ⊗   B ˇ


  ⟨


    T      V 1  𝛼   T      V 2  𝛼


      T      R 1  𝛼   T      R 2  𝛼


    I      V 1  𝛼


  +     I      V 2  𝛼 −   I      V 1  𝛼   I      V 2  𝛼


    I      R 1  𝛼


  +


    I      R 2  𝛼 −   I      R 1  𝛼


    I      R 2  𝛼


    F      V 1  𝛼 +


    F      V 2  𝛼 −   F      V 1  𝛼   F      V 2  𝛼


    F      R 1  𝛼 +   F      R 2  𝛼 −   F      R 1  𝛼   F      R 2  𝛼 )


  𝜆   A ˇ


   ( 1 −    ( 1 −   T    V  𝛼 )  𝜆 ,   1 −    ( 1 −   T    R  𝛼 )  𝜆 ) ,      (     ( I    V  𝛼 )  𝜆 ,       ( I    R  𝛼 )  𝜆 ) ,  (     ( F    V  𝛼 )  𝜆 ,     ( F    R  𝛼 )  𝜆 )


  λ > 0


    (   A ˇ )  𝜆


   (     ( T    V  𝛼 )  𝜆 ,    (   T    R  𝛼 )  𝜆 ) ,    ( 1 −    ( 1 −   I    V  𝛼 )  𝜆 ,   1 −    ( 1 −   I    R  𝛼 )  𝜆 ) ,   ( 1 −    ( 1 −   F    V  𝛼 )  𝜆 ,


  1 −    ( 1 −   F    R  𝛼 )  𝜆 )


  λ > 0


  𝛼


  𝛼


    A ˇ


   


  𝛼


    Y  (   A ˇ )


    Y  (     A ˇ  i )


     (    (     T        V  i  𝛼 +   T        R  i  𝛼 2 )   +   1 −    (     I        V  i  𝛼 +     I        R  i  𝛼 2 )   +   1 −    (     F        V  i  𝛼 +   F        R  i  𝛼 2 ) ) 3


    Y  (     A ˇ  i )


  ∈


    Y  (   A ˇ ) >   Y  (   B ˇ )


    Y  (   A ˇ ) ∈


    A ˇ


    B ˇ


  𝛼


    A ˇ  


    B ˇ


    A ˇ >   B ˇ


  𝜆   −


  P ( N )


  N ,   N   =   { 1 , . . . ,   n }


  N  


  𝜇


  P ( N )   →


  𝜇


  ∅


    𝜇


  ( N )   =   1 .


  S ,   T


  ∈


  P ( N ) ,


  𝜇


  ( S )


  ⊆


  𝜇


  ( T ) .


  𝜆


  P ( N ) .


  𝜇 ( S   ∪ T )


    𝜇 ( S )   +   𝜇 ( T ) −


  𝜆   𝜇 ( S )


    𝜆   𝜇 ( T )


  S ∩ T = ∅


  S ,   T ∈ P ( N )


  𝜆 > − 1


  𝜆


    𝜇 ( S   ∪ T ) = 𝜇   ( S )   +   𝜇   ( T ) .


  S   a n d   T .


  𝜆


  >


  ( S   ∪ T )   >   𝜇   ( S )   +   𝜇   ( T ) .


  S  


  T


  S ,   T    


  𝜆


  <


  𝜇 ( S ∪ T ) < 𝜇 ( S ) + 𝜇   ( T ) .  


  S ,   T


  S   a n d   T .


    𝜇  𝜆  ( S ) =  {     1  𝜆  (   ∏    C  i = S  n   ( 1 + 𝜆   𝜇  𝜆  (  {   C  i } ) ) − 1 )     , if   𝜆 ≠ 0     ∑    C  i = S  n    𝜇  𝜆  (  {   C  i } )                                                               , if   𝜆 = 0


  𝜆


    ∏    C  i = S  n   ( 1 + 𝜆   𝜇  𝜆  (  {   C  i } ) )


  𝜆


  𝜆


    𝜑    i ( 𝜇


  N ) =   ∑     i , j = 1   i ≠ j  n     (  | N | −  | V | − 1 ) !  | V | !       | N | !  ( 𝜇  ( V ∪ i ) − 𝜇  ( V ) )


  ∀ i ∈


  𝜇


  N .   | N |


  | V |


  N


  V .


    𝜑    i


  𝜇


  N )  


  N


    𝜑    i


  𝜇


    ∑     i , j = 1   i ≠ j  n    𝜑    i ( 𝜇 ,   N )   =   1    


  →


  H M  (   m  i )


  =


  H M  (   m    1 , … ,   m  n ) =  


   2  n ( n + 1 )


    ∑     i = 1   i ≠ j  n     m    i   m  j


  N   =   [ 0 , 1 ] .


  g ,   k   ≥   0


    x  i


  ( i   = 1 , . . ,   n )


    w  i


    w 1 , … ,   w  n


    x  i


    w  i > 0


    ∑     i , j = 1   i ≠ j  n     w  i = 1


    G W H M  g , k  (     S ˇ  i ) =    (  2  n ( n + 1 )   ∑  i = 1  n    ∑     i ≠ j  n  (     w    i   x  i )  g (     w    j   x  j )  k ) )   1  g + k


    G W H M  g , k


  g ,   k   ≥   0  


    A  i


    w  i =


    w 1 , … ,   w    n


    A  i


    w  i


    A  i


    w  i > 0


    ∑     i , j = 1   i ≠ j  n     w  i =   1


    I G W H  g , k


    I G W H M  g , k  (   x    1 , … ,   x  n )  


       (   ∑  i = 1  n    ∑  j ≠ i  n    w    i   w    j   x    i  g   x    j  k )   1  g + k     (   ∑  i = 1  n    ∑  j ≠ i  n    w    i   w  j )   1  g + k  


    I G W H M  g , k


  g ,   k   ≥   0


      A  i


    w  i =


    w    1 , … ,   w    n


    A  i


    w  i


    A  i


    w  i > 0


    ∑     i , j = 1   i ≠ j  n     w  i =


  G G W H M  (   A  i ) =  1  g + k   ∏  i = 1  n    ∏  i ≠ j  n     (   ( g   x  i )    w    i   + ( k   x  j )    w  j )   2  n ( n + 1 )


    G G W H M  g , k


  g ,   k   ≥   0


      A  i


    w  i =


    w    1 , … ,   w    n


    A  i


    w  i


    A  i


    w  i > 0


    ∑     i , j = 1   i ≠ j  n     w  i = 1


  I G W H M  (   A  i )


   1    g + k     ∏  i = 1  n    ∏  i ≠ j  n     ( g   x  i + k   x  j )    2 ( n + 1 − i )       w  j  n ( n + 1 )   ∑  k ≠ i  n    w  k


  𝛼


  𝛼


  𝜶


  g ,   k   ≥   0 ,


        A  i


  𝛼 − N Z N


  𝛼 − N Z N   s


  𝛼 − N Z N − S I G W H M =


     (     ∑     i = 1   i ≠ j  n   [   𝜑    i    ( 𝜇 ,   N )   𝜑    j  ( 𝜇 ,   N )  (     S ˇ    i  g ⊗     S ˇ    j    k ) ]    ∑     i = 1   i ≠ j  n    𝜑    i    ( 𝜇 ,   N )   𝜑    j  ( 𝜇 ,   N ) )   1  g + k


    𝜑  i    ( 𝜇 ,   N )


  𝜇


    𝜑  i    ( 𝜇 ,   N ) ∈


  [ 0 , 1 ]


    ∑     i , j = 1   i ≠ j  n     𝜑  i  ( 𝜇 ,   N )


  =   1


  𝛼 −   N Z N − S I G W H M  g , k


  𝛼


  ( 𝛼 − N Z N − S I G W H M )


  g ,   k ≥   0


      S ˇ  i =


   (   T      V  i  𝛼 ,   T      R  i  𝛼 ) ,  (   I      V  i  𝛼 ,   I      R  i  𝛼 ) ,    (   F    V  i  𝛼 ,   F      R  i  𝛼 )


  ( i   = 1 , . . ,   n )


  𝛼 − N Z N


  𝛼 − N Z N


  𝛼
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     (   ∏     i = 1   i ≠ j  n  1 −       ( T      V  i  𝛼 ∗ )  g (       T      V  j  𝛼 ∗ )  k   )    𝜑  i    ( 𝜇 ,   N )   𝜑  j  ( 𝜇 ,   N )
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