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We present a mathematical model of the transmission dynamics of ~Received 31 October 2016
two species of malaria with time lags. The model is equally applicable Accepted 11 February 2017
to two strains of a malaria species. The reproduction numbers of KEYWORDS

the two species are obtained and used as threshold parameters to Malaria transmission;
study the stability and bifurcations of the equilibria of the model. We multiple species; multiple
find that the model has a disease free equilibrium, which is a global delays; stability analysis;
attractor when the reproduction number of each species is less than Hopf bifurcation

one. Further, we observe that the non-disease free equilibrium of the
model contains stability switches and Hopf bifurcations take place
when the delays exceed the critical values.

1. Introduction

Malaria is a mosquito-borne disease that resulted in about 438,000 deaths globally in
2015 (WHO, 2016). It is caused by different species of the Plasmodium parasite; the
most common being Plasmodium falciparum, Plasmodium vivax, Plasmodium ovale and
Plasmodium malariae. The life cycle begins when an infected female Anopheles mosquito
bites a human host and injects the malaria parasites in the form of sporozites into the blood
stream. The sporozites travel to the human liver where they grow, multiply and re-enter the
blood stream as merozoites. A proportion of the merozoites replicates asexually within red
blood cells, in the process destroying them and causing sickness while others develop into
gametocytes. The incubation period within the human host is about 7-90 days depending
on the species. The life cycle continues when some of the gametocytes are picked up
by a female mosquito during a blood meal. The parasites grow and multiply within the
mosquito. After 10-21 days, depending on the species, the parasites now in the form of
sporozoites are ready for transmission to another human at the next bite, thus continuing
the cycle.

Models for the transmission dynamics of the malaria parasite continue to evolve (Teboh-
Ewungkem, Ngwa, & Ngonghala, 2013). Malaria models that incorporate time lags to
account for the incubation periods within humans or mosquitoes have been considered
in the literature but do pale in comparison to models that assume instantaneous effects.
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These models, which are mostly restricted to a single malaria species, have been used for
describing time delays in vectors only (Elsheikh, Patidar, & Ouifki, 2014; Ngwa, Niger,
& Gumel, 2010), humans only (Chiyaka, Mukandavire, & Das, 2011), and both humans
and vectors (Krstic, 2011; Saker, 2010; Zhang, Jia, & Song, 2014). Delays focusing on the
host-pathogen immune system response to malaria have also been considered (Blyuss
& Kyrychko, 2014; Ncube, 2013). A multi-species model possessing delays in both host
and vectors that is applicable to malaria and demonstrates competitive exclusion was
considered in Cai, Martcheva, and Li (2013).

Recently, Agyingi, Ngwa, and Wiandt (2016) proposed a model for studying the dynam-
ics of multiple species and strains of malaria. The susceptible-infectious (SI) model for the n
species/strains was developed using 2(n+1) ordinary differential equations. The immediate
limitation of the model is that it does not account for the incubation periods within the
host and vector. While this can be remedied by simply including latent compartments, the
resulting system suffers from the downfall of containing many parameters which cannot
be determined experimentally. In this paper we upgrade the SI model in Agyingi et al.
(2016) to incorporate time lags which serve as the incubation periods, for two species
of the parasite. We remark here that the derived model can also be used to study two
strains of a single species. The introduction of time lags are known to excite instabilities in
dynamical models (MacDonald, 1989). We analytically determine the critical values for the
onset of bifurcations and affirm them with numerical computations. Further, we deduce
competitive exclusion for the model as a consequence of determining the equilibria of the
system and also confirm it numerically.

2. Mathematical model

Maintaining all the assumptions made in the model by Agyingi et al. (2016), we add delay
parameters to both host and vectors and obtain the governing equations of the model for
two species as follows:

Sn(t — 7))

Sh = GN}, Z ap]m m](t T]) + ]21: )/]Ih] — QSh
I = apkulmk(t = 7%) — Vilnk — Brlnk — O1nk
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Inj(t — ])
ZaJ]Nh(t m(t—'c ) — VS, (1)
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mk aUth(t— ) m(t — ) — vy for

where all the parameters are assumed to be positive. The variables in the above equation are
defined as follows: Sy, is the susceptible human population; S,, is the susceptible mosquito
population; and Iy are the infectious human populations for k = 1, 2; I,,,x are the infectious
mosquito populations for k = 1,2. Ny, is the total human population and N,,, is the total
mosquitoes population. We define the parameters as: 0 is the birth/death rate for humans;
v is the natural birth/death rate for mosquitoes; yx and B are the human recovery and
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death rates for species k; a is the average biting rate of the mosquitoes; p; is the probability
that a mosquito bite will lead to an infection in a human; and o; is the probability that
mosquitoes will be infected as a result of taking blood meals from infectious humans. For
k=1,2, 7 and ‘c,:‘ are the delay terms within host and vectors, respectively.

All analysis from this point forward will dwell on the infective equations only. To get rid
of other variables, we assume the total population sizes for humans (Nj,) and mosquitoes
(Ny;,) are constant, normalize each of them to one and define new variables: u,, = S, /Ny,
Um = Sm/Nm> Xk = Ink /Ny, and yx = Lk /N, for k = 1, 2. The infective equations of the
system are now given by

%k = cxlogup(t—t)yr(t—t)—xx] and  yx = v[Sum(E—t)x(t—7) =], k= 1,2,
)
where ¢, = yx + Bk + 0, ax = (apxNp)/(ckNy) and 8y = aoy/v.

The reproduction number for species (or strain) k, denoted by ng, is the average number
of secondary infections that we expect to be produced by introducing a single infected
human of species (or strain) k into a naive population. The introduction of an infected
human will lead to the infection of o cases in mosquitos, each of which will lead to oy
cases in humans. ng is computed as the product of the quantities oy and &k (see Agyingi et
al., 2016), that is,

a*pkokNm

, for k=1,2.
v(yk + Br + 0)Np

RE = o8y =

We set the basic reproduction number, Ry, of the model to be that of the dominant species,
that is, Ry = max{R}, R(z)}.

3. Stability analysis

In this section we compute and study the behavior of the equilibrium points of the proposed
model. For purpose of simplicity and clarity in subsequent analysis, we let the delays within
humans to be equal for all species and the delays in the vector to be identical for all species,
thatis, 7y = 7, = 7 and 7' = 77 = t*. Further, to eliminate the susceptible variables
from (2), weletuy, =1 —x; —xp and u,, =1 — y1 — y> . System (2) for k = 1,2 becomes

X = cklog(l —x1(t = 1) —x2(t — T))yk(t — 1) — x¢] and
ke =8k (L —y1(t — %) — y2(t — TNk (t — ) — i, (3)

or equivalently,

x1=caloi(1—x1(t —7) —x2(t = )y1(f — ) — x1]

X = clax(1 —x1(t — 1) —x2(t — 7))y2(t — T) — x2]

71 =v[81(1 = y1(t = T%) — ya2(t — T))x1 (t — T%) — 1] (4)
72 =[Sl = y1(t = T%) = ya2(t — T))xa(t — TF) — y2]
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Remark 1: It is obvious from system (4) that the origin is an equilibrium point of the
model. This equilibrium indicates the absence of malaria, and is designated as the disease
free equilibrium (DFE).

In addition to the DFE, system (4) has two more equilibrium points as stated in the
result below (Agyingi et al., 2016).

Lemma 1: IfRE > 1 fork = 1,2, then system (4) possesses two non-DFEs given by

05252 -1 0[252 -1 ) d
’ 1+ 062)32, ’ (14682

Ot151 —1 ()[151 —1 )
A+and’  A+spa’ )’

(b yhy]) = (o
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We remark here that the non-DFEs stated above are positive and therefore biologically
relevant only if R’g = o0k > 1, otherwise the equilibria are negative.

In order to study the behavior of the equilibria, we compute the characteristic equation
of the delay system (4) as

det (Jo + e *J; + e Jr — AI) = 0, (5)

where the Jacobian matrices Jo, J;, and J+ are defined, respectively as

—c1 0 0 O
o] 0 @00
°=1 0o 0o —vo |’
0O 0 0 —v
—crayr —coryy crar(l —x; — x2) 0
| —ayz —cazy: 0 (1 —x1 —x2)
Je = 0 0 0 0 and
0 0 0 0
0 0 0 0
. 0 0 0 0
T V81 (1 —y1 — y2) 0 —vd1x] —V1X]
0 U(Sz(l — )1 —}/2) —U(SzXz —U(Szxz

Theorem 1: The disease-free equilibrium of system (4) is locally asymptotically stable if
R’g < 1for k = 1,2 and unstable if there exists an Rg > 1 for some k.

Proof: At the DFE, the characteristic Equation (5) becomes

—Cc1 — A 0 e‘“clal 0
0 —C — A 0 e_)‘rQO{z
det e 8, 0 —Vv—A 0 =0

0 e_“*vrsz 0 -V —A
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which upon evaluation leads to the equation f(A; 7, t*)g(X; 7, 7*) = 0, where

fut, ) =04 (g +v)A+cv— e Mt @pv8;  and
g0 T, ) =2 4 (@ + VA + v — e M ga508,.

In case of T = 7™ = 0, we know (Agyingi et al., 2016) that the disease-free equilibrium
is locally asymptotically stable when R} < 1 and R} < 1. The functions f(%; 7,7*) and
g(X; T, T*) are both continuous in A, 7, and ¥, thus by the implicit function theorem their
roots (7, 7*) and Ag (7, T*) are continuous functions of  and t*. For t = t* = 0 the
roots are on the left side Re(z) < 0 of the complex plane (whenever R(l) < 1and R(Z) <1),
thus if for some 7 > 0, 7™ > 0 values any of the roots have positive real part, there exist
some T > 0and t* > 0 values where A7(7,7*) = iw or A¢(7,T*) = iw. First, we consider
the factor f(4; 7, 7*) = 0 and assume that for T > 0 and t* > 0, we have A¢(7,7%) = iw.
This means that

—@? + (¢ + V)iw + cpv — e T g8 = 0.
The real and imaginary parts of the above equation are, respectively, given by
—w? 4 v — cos (w(T + t))c1ovd; =0 and (1 + vV)o + sinw(t + 75 vé; = 0.
These are the same as
cos (0 (T + 9))ciovd) = —w? + v and  sinw(t + t¥)ciavé = —(c1 + Vo,
thus, by adding the squares of the left and right sides of the equations, we obtain that
c%afvzéf =(—?+ )+ (= (a+v))? =o'+ a)z(c% +vH) + cfvz.
This implies that
ot + (¢} +v?) = v (adst - 1);
thusif 181 = R} < 1, no w can satisfy this equation, as the left side is nonnegative and the
right side is negative. The computation for g(; 7, ™) is analogous. In case any of the R’g is

larger than 1, then there exist roots with positive real part and the disease-free equilibrium
is unstable. O

In the case when the reproduction number of each species is less than 1, we have the
following stronger result.

Theorem 2: The disease-free equilibrium of system (4) is globally asymptotically stable if
RE<1fork=1,2.

Proof: Recall that (4) is derived from (2), thus it is sufficient to prove global asymptotic
stability of the DFE for (2). Since S, < Nj, and S;, < Ny, we obtain 4, < 1and u,, < 1in
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(2); thus we have the differential inequality

Xk < celogyr(t — ) — xi] (6)

ke < vt — ) —wl, k=1,2. (7)
This is the same as

Xk + kX < oy (t — T%) (8)

Vi + vy < vlx(t — 1), k=1,2. )

Multiplying (8) by e*!, we obtain that

) d
e ettt = a(xk(t)eckt) < crake* y(t — 1),

for k = 1, 2. Integrating the above inequality on (0, t), we obtain
t
xi (e — x(0) < / ckake®yr(s — 1) ds,
0

fork =1,2.
Rearranging this equation, we have that for k = 1,2

t
xi () < e” % x (0) + ec"t/ ckoke®y(s — i) ds.
0
Now this implies that
t
xe(t) < e xe(0) + e sup () / crake™ ds = e~ % x.(0) + sup y(t) (o — oxe™ ).
0
Thus we get that
lim sup xx () < o lim sup yi(t),
t t

for k = 1, 2. The analogous computation for (9) gives that lim sup k() < 8 lim sup xx (1),

thus combining these two inequalities we obtain that for k = 1 2

lim sup xx () < o lim sup yx () < axdi lim sup x (¢) = ng lim sup xx (),
t t t t

and since RIO‘ < 1, we get thatlim sup x, (t) = 0; similarly, lim sup y,(t) = 0. This concludes
t t
the proof. O
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Remark 2: Recalling the non-DFEs as

w6y — 1 06y — 1 >
»0, and
(I+w)d  (1+68)a

o161 — 1 o161 — 1 0)
(I4+a)s” " A+ 8Dy’

(555,91, 95) = (0,

("5 1y = (

we see that the model immediately exhibits competitive exclusion, since only one species
is represented in each of the equilibria.

The analysis for the behaviors of the non-DFEs (x7, x3, 3], y;) and (x[™, x3*, y1*, y3¥)
are similar and therefore we will treat just the former.

Lemma 2: The characteristic equation of the non-DFE (x{,x3,y{,y5) is given as
ft,t)g(A; T, %) = 0, where

. 8
fOiT, )= (@ +MNW+1) —e " )clva181 and
202

5 —1 o+ 6 —1 *
g T, = <C2 + A4 e T %) (v + A+ ve afj_—) — e M,
2 (%)

Proof: Substituting (x}, x5, y],y;) into the characteristic Equation (5), we get

— 52+1
—C] — A 0 (4 ATClC(] 52(%71_0[2) 0
_e—k o apdy—1 —cy— A — e_)‘rcz apdr—1 0 e Sr+1
=0

145, 143, Q%2 5, (Fan)
det e My Lt 0 —v —A 0 e
Lo, (1482

14y _—AT¥ apdy—1
2(1442)

—AT*
0 € V82 o 1+az

and the proof follows directly. O

Theorem 3: IfR} < R, then the non-DFE (x},x},yt, y3) of system (4) can lose stability
only if an eigenvalue of the second factor, g(A; T, T*), in the characteristic equation crosses
over to the right side of the complex plane.

Proof: Employing the technique demonstrated in Theorem 1, we show that all the eigen-
values of the first factor f(A; 7, T*) as stated in Lemma 2, lie on the left hand side of the
complex plane. Suppose that for 7 > 0 and t* > 0, we have A¢ (7, T*) = iw; then the factor
f(x; T, %) = 0gives us

(c1 + iw)(v + iw) — e @THT )clval L _o
062(32

The real and imaginary parts of the above equation are

81 16
= 0and (c; + V)o +sin(w(t + 1 ))clvl—1 =0.
82 252

2 * o1
—w” + c1v —cos(w(t +15))c1v
o
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Similarly to earlier computations, consider the square sum of the left and right side of the
appropriate equations for the cosine and sine; we obtain

242
2 2218]

civ 252 = (v —0*)? 4+ (= (g + V)’ =o'+ (cf +1)w? + cfvz.
292

This gives us that

thus if Rg = w8 > w18 = Ré, then the roots of the factor f(%; 7, t*) do not cross over
the imaginary axis since no w satisfies the above equation. Therefore the loss of stability
for the non-DFE (x{, x5,y ;) has to come from the second factor, g(1; 7, 7%). O

To further study the stability of the non disease-free equilibrium (x{, y{, x3,y5), we
rewrite the second factor in the product of the characteristic equation stated in Lemma 2
as

g T, T = (o + A +Ae )W+ A+ Are ™) — que MY (10)
where
6 —1 8 —1
_C2Ot2 2 and Al—vo‘e2 2
146, 1+

To get a better insight into the structure of g(A; 7, t*), we consider five different cases for
the values of the delays 7 and 7*.

Case I: If t = 0 and t* = 0 in g(X; 7, "), we obtain the no delay system and the
equilibrium (x{, y{, x3, y3) is asymptotically stable (Agyingi et al., 2016).

Case2:1ft > 0and t* = 0in g(A; 7, T*), then we get

M4+ FA+F+ (AL + Av 4+ AA; — cv)e T =0 (11)

where F1 = ¢ + v+ Ajand F, = (v + Aq). Let A = iw be a root of the characteristic
Equation (11). We obtain the following real and imaginary equations, respectively:

wAsinwt + Bcoswt = w? — B, (12)

and
wA coswt — Bsinwt = —wFj, (13)

where B = A(v + Aj) — cav. Squaring and adding the Equations (12) and (13), we get
w* 4+ (F} —2F, — AMo* + F; — B =0. (14)

If F, — B < 0, then Equation (14) has a single positive root given as

(P2 —2F, — A%) + \/(Flz —2F, — A2 — 4(F2 — B?)
2

w =
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Substituting @ in (12) and (13), we get the critical values of the delay 7 as

Tj = — arccos for j=0,1,2,....

(B(&)Z —F) — Ac?)2F1> 27j
w

When 7 = j, the characteristic Equation (11) has a pair of purely imaginary roots +id®.
Next we investigate whether the root crosses over into the positive half of the complex
plane. Differentiating the characteristic Equation (11) with respect to t, we get

- —

™ A+ F1) A T
T AMA2H+FA+EF) AMALM+vH+A) —cv) A

At the root A = i®, the real part of the above equation is given as

Re [dx}‘l _ 207+ F -2, - A

dr A2 1 B2

Thus

1! \/(Ff —2F, — A2 — 4(F2 — B?)
Re|: :| = .

dr @2A2 + B2

T=7)

It is evident from the preceding equation that if F, — B < 0 then Re[dA /dr]7! > 0 at
T = Tp. Therefore the root crosses the imaginary axis into the positive half of the complex
plane. We summarize this case with the following result.

Lemma 3: Ift* = Oandthecondition F,—B < 0 holds, then the equilibrium (x7, yi, X3, ¥
is, (i) asymptotically stable for T € [0, %), (ii) unstable when t > %y and (iii) undergoes a
Hopf bifurcation when t = 1.

Case 3:If t* >0and 7 = 0in g(A; 7, t*), then we get

MHBr+EB+ @A +ADY +A1A —v)e T =0 (15)

where F; = c; + v+ Aand F, = v(c; + A). Let & = iw be a root of the characteristic
Equation (15). We obtain the following real and imaginary equations, respectively:

wA; sinwt + Bcoswt = w? — F, (16)
and
wA; coswt — Bsinwt = —wF, (17)

where B = A;(cy + A) — cov. Squaring and adding the Equations (16) and (17), we get

' + (F} —2F, — ADo* + F2 — B* =0. (18)
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If F — B < 0, then Equation (18) has a single positive root given as

1

(B} — 2By — A3 + /(2 — 2By — AD? — 42 - B)
2

o=

The corresponding critical values of the delay t* is

o1 (B(@Z—Fz)—A@ZFI) 277
w

i = — arccos ~ —, for j=0,1,2,...
TG B2 + @242 % /

When 7 = 7j, the characteristic Equation (15) has a pair of purely imaginary roots t-ia.
A similar result on differentiating (15) with respect to t* for the root A = i®, and at
% = 7 is given by

ar 17! \/(Ff —2F, — AD? — 4(F? — B?)
Re [Fj| = 5 12 = .

T T*=%, w Al + B
We also see from the above equation that if F, — B < 0 then Re[dA /dt* 17l > 0att* = 1.

Therefore the root crosses the imaginary axis into the positive half of the complex plane.
We summarize the above analysis with the following result.

Lemma4: Ift = 0and the condition Fy—B < 0 holds, then the equilibrium CHS Ty
is, (i) asymptotically stable for t* € [0, Ty), (ii) unstable when t* > Ty and (iii) undergoes a
Hopf bifurcation when t* = 1.

Case4:Ift =t > 0ing(A; 7, T%), then we get
Mt (@+r+ov+ (A+ADA+Av + Aje) e + (A4 — cv)e T =0 (19)
Multiplying Equation (19) through by e** we get
Dia+ Dy 4+ (A + (c2 + VA + cv)e’” + Dye T =0, (20)

where D1 = A+ A;, D, = Av + Ajc; and D3 = AA| — ¢yv. Suppose that A = iw is a
root of Equation (20), then we obtain the corresponding real and imaginary parts of the
resulting complex equation as

Kjcoswt — Ksinwt = —D, and K, sinwt + K coswt = —wDy, (21)

where K] = v — w? + D3, Ky = ¢V — w? — D3, and K = w(cy + v). Solving for cos wt
and sin wt from the Equation (21), we get

—K>D, — wKD, , KD, — wKyD;
coswT = ————————— and sinwt = ————. (22)
KK, + K2 KK, + K2

Upon squaring and adding the terms in (20), we obtain

(K1Ky + K?)? = (K2Dy + wKDy)? 4+ (KD, — wK Dy)?. (23)
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The preceding equation is a polynomial of degree 8 in the variable w:

h(w) =w® + (2c§ — D + 2v2) w®
+ (¢ — 3D} + 4c3v* + 2D1Ds — D{v? — D3 — 2D3 +v*) o*
+ (2631)2 — 5D} — D3 — 263D% + 2c5v* — 2¢,DID3v
+ 4¢,D1D, D3 — D}D? + 4D D, Dsv
—Z%Dngﬁ—2%&%&+a%—qw%@ﬂ+Dﬁyeg>:Q

If c;v + D3 — D, < 0 in the above equation then h(0) < 0 and also as w — 00, h — o0,
thus there exists at least one positive root. For each positive root w we can compute the
value of the delay using (22),

7w

—_KzDz_QKm) 7 for j=0,1,2

1
T, = — arccos
= ( KiK; + K2

and choose the minimum as the critical delay value. Similarly to the previous cases, we
can establish that the root crosses the imaginary axis into the positive half of the complex
plane and therefore we obtain the following result.

Lemma5: Ift = t™* > 0 and the condition c;v + D3 — D, < 0 holds, then the equilibrium
(x],y7>%5,5) is, (i) asymptotically stable for T € [0, T), (ii) unstable when v > 7, and (iii)
undergoes a Hopf bifurcation when t = t,,.

Case 5: If t > 0 and t* > 0 in g(X; 7, 7). To study this case, we keep one of the
delays, for example 7%, fixed in its stable interval, assume that ¢ > 0, and follow the same
approach illustrated in Cases 2-4. Due to the complexity of the algebra involved, we skip
all the details and propose the following result.

Proposition 1:  For some fixed value of t* # 0 and under appropriate conditions, there
exists a critical valuet = T > 0 such that the equilibrium (x7, y, x5, y5 ) is, (i) asymptotically
stable for T € [0, T), (ii) unstable when © > T and (iii) undergoes a Hopf bifurcation when
T=T.

4, Results and discussion

We present in this section numerical computations that demonstrate the analysis provided
in the previous section for two species and two strains of the disease. We simulate P.
falciparum and P. vivax for the species, and for the strains we consider resistant and non-
resistant P. falciparum. The values of the parameters used in our simulations were taken
from Agyingi et al. (2016), Pongsumpun and Tang (2009), Esteva, Gumel, and de Leon
(2009) and Aron and May (1982). A concise table of these values is given in Agyingi et al.
(2016). In all our simulations, we assumed that there were no disease induced deaths. All
simulations were made for the same initial conditions, x;(0) = .1 and x,(0) = .1, as small
perturbations did not alter the behavior of the equilibria presented below.

We begin by simulating P. falciparum and P. vivax, for delay values of 7 and 10 days in
humans and mosquitoes, respectively. The results are given in Figure 1. In Figure 1(a), the
computed reproduction number for each species was less than one and as expected we see
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that the DFE is globally asymptotically stable since both species go extinct with time. In
Figure 1(b), we double the biting rate of mosquitoes while retaining every other parameter,
and observed that the computed reproduction numbers were both bigger than one. This
case demonstrate the asymptotic stability of a non-DFE. It also demonstrates competitive
exclusion, a direct consequence of the nature of the non-DFEs as stated in Remark 2. The
surviving species P. falciparum had the larger reproduction number.

In the next set of results, we investigate the behavior of the non-DFE analysed in
Theorem 3-Proposition 1. We omit the case where T = 7* = 0 as it has been discussed in
Agyingi et al. (2016).

The results in In Figure 2 are for the case where t* = 0 and the value of ¢ > 0 is varied.
For this simulation, we investigated P. vivax and a resistant form of P. falciparum. We
deduce from Figure 2(a) and (b) that the critical value of the delay r = 7 that excites
instability is between 28 and 29 days, that is, 28 < 7y < 29. Initial oscillations that appear
before the critical value 7y is reached, converge to the non-DFE rendering the equilibrium
asymptotically stable as seen in Figure 2(a). Oscillations that start after 7y only increase
in amplitude making the non-DFE unstable as portrayed in Figure 2(b). Therefore the
non-DFE undergoes a Hopf bifurcation at the critical delay value 7.

On investigating the case T = 0 and the value of t* > 0 varied, we did not see any
instability. This does not contradict the result stated in Lemma 4 because the realistic
incubation period of the parasite within the mosquito is at most 21days. Thus, the
maximum value of T* = 21 was not sufficient to cause instability in the model.

The next result investigates the case in which 7 = 7* # 0. We see a transition from
stable to unstable as indicated in Figure 3. The instability occurs when the delay value
is very close to the maximum value of the parasite’s incubation period in mosquitoes.
From Figure 3(a) and (b), we see that the critical delay value 7, lies within the interval
20< 1y <21

Finally, we consider the case summarized in Proposition 1, that is, keeping the delay 7*
fixed at some non-zero value, and we vary the value of the delay t. The results for this case
are given in Figure 4. The simulations are for two strains of P. falciparum; one resistant
and the other non-resistant. The value of the delay t* was fixed at t* = 10. On varying
the value of the delay 7, we straddled a critical value T = 7y on the interval 38 < 75 < 39
as depicted in Figure 4(a) and (b). This result confirms the existence of a Hopf bifurcation.
Ilustrated in Figure 5 is a phase plane portrait for the behavior of the resistant strain. We
see the onset of oscillations in Figure 5(a) which eventually converge to the equilibrium
point. However, in Figure 5(b) the oscillations grow in amplitude rendering the system
unstable. We remark here that resistant strain survives while the non-resistant strain dies
out, aﬂirming competitive exclusion.

5. Conclusion

In this paper we have presented a deterministic model for malaria transmission possessing
time delays that account for the incubation period of the parasite within humans and
mosquitoes. The model is formulated so that it can be used to study two species or two
strains of a single species of malaria. Three equilibrium points are computed for the model,
one being the DFE. We show both analytically and numerically that the DFE is globally
stable when each species has a reproduction number smaller than one. We investigated
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the non-disease free equilibria theoretically and confirmed numerically that there exist
critical delay values delineating stability and instability. Further, Hopf bifurcations occur
at these critical delay values. The theoretical structure of the non-disease free equilibria
suggests competitive exclusion in favor of the species or strain with the higher reproduction
number.
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