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is widely used in reliability engineering, extreme-value analysis, and environmental studies,

ABSTRACT

particularly for modeling phenomena with heavy-tailed distributions and extreme events. KEYWORDS
Assuming that the observed data constitute current records from a two-parameter Fréchet Fréchet Distribution,
distribution with shape parameter a and scale parameter s, we derive the corresponding Current Records,

probability density function (PDF) and cumulative distribution function (CDF) for both upper
and lower current records. Closed-form expressions for the moments of these record values
are then obtained. Subsequently, maximum-likelihood and Bayesian estimate of the model
parameters are developed, along with procedures for predicting future current record values . .
and constructing predictive intervals. A Monte Carlo simulation study is conducted to Saudi Arabian Industry Data
evaluate the performance of the proposed estimators under different sample sizes and

parameter configurations. Finally, the proposed methodology is illustrated through an

application to industrial data from Saudi Arabia, highlighting the practical importance of

Fréchet record modeling in reliability and life-testing analyses.

Bayesian and Non-Bayesian
Estimation and Prediction,
Moments,

1. Introduction

Record values arise naturally in many disciplines such as industrial reliability testing, climatology, sports analytics,
and finance. A record is observed whenever an outcome exceeds all previous observations (upper record) or falls below
them (lower record). In numerous practical situations, only the most recent record or a sequence of recent records is
available for analysis; such observations are referred to as current records.

The Fréchet distribution, also known as the inverse Weibull distribution, is a fundamental model in extreme value
theory and is particularly suitable for modeling heavy-tailed lifetime and environmental data. Owing to its ability to capture
extreme behavior, it has been extensively employed in reliability analysis and risk assessment studies. When observations
are available as record values rather than complete samples, standard inferential procedures are no longer applicable, as
the likelihood function must be constructed from record-based distributions. Consequently, specialised estimation and
prediction techniques are required.

Predicting future current record values is of significant importance in a wide range of statistical, engineering, and
scientific applications. Current records, whether upper, lower, or based on their ranges, represent the most extreme
realizations within a sequential process and therefore convey critical information about structural changes in the underlying
system. Accurate forecasting of future record values enhances risk evaluation, supports informed decision-making, and
provides early warnings of potential failures or extreme events in fields such as reliability engineering, climate science,
finance, and environmental monitoring.

This study develops a comprehensive inferential framework for current record data modeled by the two-parameter
Fréchet distribution. Classical and Bayesian estimation methods are presented, predictive intervals are derived, and the
proposed methodology is applied to industrial data from Saudi Arabia. The study is particularly relevant to the Kingdom of
Saudi Arabia’s Vision 2030 initiative, which emphasizes leadership in energy and industry as a strategic national objective.
Reliable prediction of record-based performance measures directly improves the robustness, efficiency, and durability of
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critical industrial and energy systems, thereby supporting economic diversification and technological progress.

This work builds upon an extensive body of literature on current record theory. Aldallal (2026) used Bayesian
estimation and prediction approaches for Weibull current records and estimated the parameters of the Rayleigh current
record distribution with prediction of future intervals. Barakat et al. (2014) established prediction intervals for current
records under any continuous distribution, while Ragab (2009) developed distribution-free prediction intervals for future
current records. Ahmadi and Balakrishnan (2005) constructed confidence intervals for quantile intervals based on current
records, an approach later extended to k-records by Chahkandi and Ahmadi (2013).

Additional contributions have further enriched the field. Muraleedharan and Chacko (2025) examined prediction of
future k-record values, while Alsanea (2024) provided a comprehensive review of the role of record values in statistical
inference. Arnold and Press (1989) developed Bayesian estimation and prediction methods for Pareto data, and Basak and
Balakrishnan (2003) investigated likelihood-based prediction of future record statistics. Chacko and Mary (2013) studied
estimation and prediction using k-record values from the normal distribution, whereas Einmahl and Magnus (2008) analyzed
world record data from an applied statistical perspective. Empacher and Kamps (2025) contributed to simultaneous
prediction of record values. Foundational Bayesian methodology was detailed by Gelman et al. (2013), while Gulati and
Padgett (2003) discussed inference from record-breaking data. More recent developments include works by Kim and Seo
(2020), AL-Dayian et al. (2024), EI-Din et al. (2015), Sana and Faizan (2021), Shafay (2022), and Volovskiy and Kamps
(2020), all of which contribute to modern prediction and estimation techniques for record values.

In this paper, we adopt the following notation for a sequence {Xu}. Let Lf" and US" denote the lower and upper
current records, respectively, observed at the mth record occurrence. By definition, Lj",; = L{” when a new upper record
is observed (U;" > Uy u), and U™ = U;" when a new lower record occurs (Lyy; < Lg"). Hence, Ly represents the
minimum observation up to the uth record time, with initial values given by U§* = Ly = X;. For u = 1, the interval
(L', U;r) is referred to as the record coverage, and the current record range is defined as R;* = Ug™ — L. A new record
range is registered whenever either a new upper or a new lower current record is observed.

Section 2 derives the cumulative distribution function (CDF) and probability density function (PDF) for both upper and
lower current records when the underlying data follows a two-parameter Fréchet distribution with shape parameter a and
scale parameter s. Section 3 presents closed-form expressions for the moments of these records, enabling analysis of
their central tendency and dispersion. Parameter estimation procedures, including both maximum likelihood and Bayesian
methods for upper and lower current records, are discussed in Section 4. Section 5 focuses on predicting future upper
and lower current records and record ranges and develops corresponding prediction intervals using two approaches.
Finally, Section 6 consists of two parts: a Monte Carlo simulation study assessing the performance of the proposed
estimators and predictors, and an application to Saudi Arabian industrial data illustrating the practical effectiveness of the
proposed methodology.

2. CDF and PDF of Fréchet Current Records

Determining the CDF and PDF of a dataset is a fundamental step in statistical analysis, as these functions provide a
complete probabilistic description of the datais distribution. This information is crucial not only for accurate parameter
estimation but also for reliable predictions, risk assessment, and decision-making in applied fields such as finance,
engineering, environmental studies, and reliability testing. In particular, the study of current record values—observations
that exceed all previous measurements (upper current records) or fall below them (lower current records)—is essential for
understanding the dynamics of rare or noteworthy events in a sequence of data. In this section, we derive the CDF and
PDF of the current lower and upper records when the original dataset follows a Fréchet distribution. These derivations form
the basis for current record analysis, providing valuable insights for statistical inference, probabilistic modeling, and
practical applications where monitoring record-breaking events is of interest. The PDF and CDF of the Fréchet distribution
with scale parameter s > 0 and shape parameter &« > 0 are given respectively by:

feas) =2 e [-(2) x>0 g
F(x;a,s) = exp [— (f)_a],x > 0. 2)

The parameter a controls the tail behavior of the Fréchet distribution:

e For0 < a < 1, the distribution exhibits an extremely heavy right tail with infinite mean and variance.
e Forl < a < 2, the mean exists but the variance is infinite.

* Fora = 2, both the mean and variance are finite.

* As a increases, the distribution becomes less heavy-tailed and more concentrated around its central values.
Theorem 1. foru > 1, the CDF and PDF of the lower (upper) current records, when the original data follows a
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Fréchet distribution with shape parameter « > 0 and scale parameters > 0, are respectively given by:

s =14 20 [-() )P (1)) - P(n2() ). ®

frpteias) =24 em [T (1)), @

Fug ( a,5) = P(i,—2log (1 = exp [~(x/s)™D) — 2#(1 — exp [~(x/s) 1) x P(, ~log (1 = exp [~(x/5)™])
©

Fug Grias) = 20 (5 exp [ (x/9) TP (1, ~log (1 — exp [~(x/5) 1) (6)

Where P (a, b) denotes the regularized lower Gamma function.
Proof. To find the CDF and PDF of the current records when the data follows a Fréchet distribution, we begin with
the general Houchens formulas (Houchens, 1984):

FL@*(X) 2R (%) {1 —Fx) Zﬁ;cly 2—(k+1) Z;gzo [—210gj!F(x)]f}, (7)
Fis: () = 247 () {1 —FXLL L 1ong.(x)] } (8)
Fyg(x) = 1= 2#F(x) {1 —F(x)Xhoy 27D gk [_Zlogj!F(X)]j}’ ®)
fUﬁ*(X) Z#f(x) {1 _ F(X) Z/‘ 1 M}’ (10)

where F(x) = 1 — F (x).
Substitute (1) and (2) expressions into the formula for (7) and define

Then
= 5 @2t)
Fle(x) =2te " |1—e™" 2—<k+1)z ——|.
k=0 7=0 J:
Let the inner double sum be
u-1 k 2¢))
S = 2 (k+1)z ( ?
k=0 j=0 J:
Changing the order of summation yields
u-1 u-1
t 2t)/
B SR o)
| ]I
j=0 j=0

Using the identity

we obtain

)

Multiplying by et and simplifying gives
Fa(x) =1+ 2HetP(u,t) — P(u,2t)

where P (i,z) = y(u,z)/(u — 1)!. Re-substituting t = (x/s)™* yields equation (3). The PDF fLﬁ«(x) follows
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directly by substituting into the corresponding density expression.

For the upper current records, substituting again by (1) and (2) in (9) and (10) and with similar steps as before, it

gives (5) and (6).

Houchens (1984) also found the joining PDF between two lower current and two upper current records as

» v—u-—-1
Figess (L) = %(H(lu) —HW)) L <ll<p<v (11)
Where H(x) = log F (x). And
v v—u-1
fuﬁ*,us*(uu'uv) = %(R(uﬂ) - R(uv)) Uy >y, 1 <p <. (12)

Where R(x) = —log(1 — F(x)).
From (11) and (12), we can conclude the next conditional probability of Lg" | Li" = [, and U™ | U™ = u, as follows

v—u—-1
fugrug (b 11,) = Wi_l)!(f’(w —HW) (13)

and

_ fw) _ vop-1
fuvc*wa*(uv|uﬂ)_—(1_““”))@_#_1)!(1?(%) R(w)) (14)

To demonstrate the shapes of the upper and lower current records’ PDFs and CDFs found in Theorem 1, different

values of a, s, and u were tested, and the results are presented in Figures 1-4.
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Figure 1: Plot of Fer (x; a, s) for Different Values of i, a, and s
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Figure 3: Plot of Fyg (x; a, s) for Different Values of u, a, and s
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Figure 4: Plot of fy¢(x; a, s) for Different Values of u, a, and's

3. Moments of Fréchet Current Records

Moments play a fundamental role in statistics as they summarise key characteristics of a probability distribution. They
offer valuable insights into the central tendency, dispersion, skewness, and kurtosis of the data, thereby helping to
understand the distribution’s overall behavior and shape. In this section, we derive explicit expressions for the r — th
moments A” of both the lower and upper current record values when the underlying data follow a Fréchet distribution.
These moment expressions are essential for applications such as reliability analysis, risk assessment, and probabilistic
modeling, as they quantify the expected magnitude and variability of current record-breaking observations.

Theorem 2. When u > 1, the r-th moment of the lower current Fréchet record ALC* and for the upper current record

Ajc. can be calculated receptively using the following closed forms
n

o r(k+1-7)

T r N 1—1
B = 2¢s7 |1 (1 a) 2a o (15)
k=0

u-1 1 o)
Mo = 24571 (1-2) [1 - Z k—z ap () ((k+p+1)a "~ (k +p+2)a ") (16)

k=0 p=0

Where a,, (k) are the coefficients from the expansion:
[—log (1 — O] = 2 a, (), [t] < 1. 17
p=0

Proof. ALC* is defined as

(oo}
:ﬂ =J xrfo;(x; a,s)dx.
0

Upon using (8) and changing of variable
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S
t= (x/S)—a > x = St‘l/a’ dx = _Et_l/a_ldt,

then

we get
A = zﬂsrjo tT/%e"tP(u, t)dt.

Now, expanding the regularized incomplete gamma function for integer y,

y(ut) I(pt)
P(u,t) = =1- .
(=1 (=1
and substitute into the integral, we get:
3} F(u, t) o 1 [e3)
Ale = ZHSTJ g/t [1 - ]dt = 2HgT j tT/eetdt — f t~T/%e~tI (u, t)dt].
L; o (u—1)! [0 (=1, (0]

Iy Iz

I; is simply the standard gamma integral:
® r
L=]| t7Teetdt=r(1--),
= [Ceeta=r(1-5)

while for I, we have to expand I'(y, t) for integer u. We have

k

u—1
t
rut) =@-nle Y =
k=0
Thus,

= i
[ee) t [oe]
L =J- t/%e t(u—1)let E —dt=(u—1)! E —f th-r/@e=2tqt
0 k=0 k! k=0 ktJo

Evaluate the integral inside the sum.
f th-r/ae=2tqt = 2=k=147/ar(k + 1 —r/a)
0

and combine with 1/(u — 1)!, the factor (u — 1)! cancels, giving

u—-1 u—1
I, =ZI"(k+1—r/a)=2r/a_lzF(k+1—r/a)
(p—1)! 2k+1-r/ak] 2k k! '
k=0 k=0

Substituting with the final form of I; and I, we get (15). For Azﬁ*, it is defined as

Zﬁ* =f0 xrfuﬁ*(x; a,s)dx,
Using (6) and change the variables as t = (x/s)~% again, we reach
r — JUT -r/a,—t _ _ ot
Auﬁ* 2Hs fo t e P(y, log(1—e ))dt.

Expanding P(u, z), we get
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Az[i* = Z”STf

u-1
(o] 1 (o]
tT/@e=tqt — 2KsT z F_f t/%e (1 — e Y)[-log (1 — e~H)]kdt.
0 = Iy

We will now use the Series expansion of [—log (1 — e*)]¥ to find a closed form for the second integral. Using the
coefficients a,, (k) from (17) we reach

[oe]

J:o t7/7et (1~ e~)[-log (1 - e~)]*de =T (1 - g) ;) a, ()| +p + 1)77% — (k +p + 2)77%71]

Combine all terms, (17) will be concluded.

4. Estimation of Parameters

In most practical situations, the underlying distribution is characterized by unknown parameters, most notably the
shape parameter a and the scale parameter s. Accurate estimation of these parameters is essential for making reliable
statistical inferences, conducting risk assessment, and performing predictions. Since the true values of a and s are rarely
available in real-world applications, they must be inferred from the observed data. Among the various inferential techniques,
maximum likelihood estimation and Bayesian estimation are two widely used and powerful approaches. The maximum
likelihood estimation method provides point estimates by maximizing the likelihood function constructed from the observed
data. In contrast, the Bayesian approach incorporates prior information about the parameters and updates it based on the
observed sample. Both estimation frameworks can be suitably modified to accommodate current record data, allowing
efficient parameter estimation even when only record observations are available.

4.1 Non-Bayesian Estimation (NBE)

One of the most widely used NBE techniques for parameter estimation is maximum likelihood estimation (MLE), which
will be applied here. Let L, LY, ..., Ly denote the uth lower current record. The joint PDF of them is defined by Barakat et
al. (2014) to be

u

F2(xy;a,8) F(xg;a,8) 2f(xj;a.8)

cxyex gex(Xq, Xpy e, Xy) = ————— — X1 > Xy >0 > X 18

iy G e ) = O S ) 2y > 7, ’ (18)
j=1

And if UT", Ug*, ..., UZ"denote the first uth upper current record values from this sequence, then the joint PDF of them
will be

u

_ Fz(xu;a,s)F(xl;a,s) | | 2f(xj;a.)

fulc*‘uzc*“_duﬁ*(xl,xz, ...,XM) = W W y X < Xy < e < Xy (19)
j=1

The likelihood function is proportional to the associated joint distribution, as it depends solely on the observed

sequence of current records. The likelihood function of a set of lower current records L¢* = (L{", LS, ..., Ly;) based on

(18) will be

L(a,s | L) = (a)* [exp ((%)_a) - 1] [1 —exp ((Xf)_a)]z sha H;;l(xj)_(““). (20)
Then, the log-likelihood function will be
u
L(a,s | L) = plog (2a) + palog s — (a + 1)2 log x; + log [exp ((%) a) - 1]
j=1

+2log [1 —exp (— (XT”)_“)] 21

Differentiation (21) with respect to a and then s, and equal to zero, we get
(2) “rog(H)err () ] N 2(2) “tog()ew [-(2) |

exp [(xs—l)_a]—l 1—-exp [—(XT”)_(I]

§+ plog s —Xf_ log x; — =0, (22)
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pa , «(3) exr[( )] () e[ ]

- 1= (23)
AR |

N S

exp [ 1-exp [—(X—"’

Now, to obtain the likelihood function of a set of upper current records U* = (Uf*, Us", ..., US") based on (19), it
will be

()™ (a+1)exp[ (x?) ]

e-(3) ]

s 1059 = (1= e[ (2) ) L_l)]](m)uswn )

' 1—exp[—(
With a log-likelihood function

£(a,s | U") = 2log (1 — exp [— (XS—”)_a]) —log (1 — exp [— (%)_a]) - (xs—l)_a + plog (2a) + palog s

—(@+1) X!, log (%) - Z; (?)—a — 34 log (1—exp |- (?)‘“D (25)

and when differentiating (25) with respect to @ and then s and setting equal to zero, we reach

o [_ ();_ﬂ)_a] . .(log s —log x,). ( )_a _ 2llog s~ log x1) (ﬁ)_a
e [T e )T
p-1
1_1:;5—_1;;—;1'(1] . (g)_“ + % + ulog s — 2?:1 log x; =0, (26)
j=2 ’
and
eXp[ ?J ] + 3 _aexp [‘(XT” —a] n ZZH (ﬁ>—a N au _ 0 (27)
(1 exp[ (?) D s(l—exp [—(XT”)_D‘D S j=2 \S s '

The MLEs @;¢+ from (22), §Lc’:from (23), @y/&from (26), and $,/éfrom (27), are obtained by solving the corresponding
nonlinear equations derived from the likelihood function. Due to the complexity of these equations, closed-form solutions
are generally not available. Consequently, numerical optimisation techniques, such as the Newton-Raphson method or the
Fisher scoring algorithm, are used to iteratively approximate parameter values. These methods leverage successive linear
approximations or expected information matrices to efficiently converge to the MLEs, providing reliable estimates for
practical applications.

4.2 Bayesian Estimation (BE)

BE plays a crucial role in statistical inference by systematically combining prior information with observed data to
obtain more informative and adaptable parameter estimates. In contrast to classical approaches that rely solely on sample
data, the Bayesian framework updates prior beliefs via the posterior distribution, thereby enabling direct, explicit
quantification of uncertainty. This characteristic makes Bayesian methods particularly effective in settings with small sample
sizes, complex model structures, or limited expert knowledge. Consequently, BE offers a coherent and robust framework
for inference, prediction, and decision-making in a broad range of theoretical and applied disciplines.

To obtain the BEs for the parameters of the lower-current record distribution, suitable prior distributions are assigned
to the unknown parameters. Specifically, independent gamma-type priors are assumed for the shape and scale parameters,
respectively, as

n(a) x q®1~le b1 g(s) o s9271eb2s,

By combining these prior distributions with the likelihood function given in (20), the joint posterior distribution of
aand s, conditional on the observed lower current record sample L¢*, is obtained up to a normalizing constant as

syt on () oo (-62))

2
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x @~b1a-bzs H;‘zl( xj)—(a+1)_ (28)

Under the squared error loss (SEL) function, the BEs of the parameters a and s, denoted by @.¢: and 3¢, respectively,

are given by the posterior expectations. For the observed lower current record sequence L°*, These estimators can be
expressed as

E(@| L) = [ [ an(as L) dads, (29)
E(s 1L =[] ) sn(as|L)dads (30)

Now, to derive the BEs of the parameters based on the upper current record distribution, independent prior
distributions are assigned to the unknown parameters. In particular, gamma-type priors are assumed for the shape and
scale parameters, respectively, given by

m(a) o« a1 e~ m(s) o« sC27leT42S,

By combining these prior distributions with the likelihood function of the upper current records given in (24), the joint
posterior distribution of @ and s, conditional on the observed upper current record sample U, is obtained up to a
proportionality constant as

-a
m(a,s | UST) oc ghter-1ghatez=1 (1 —exp (_ (xs_#)—a)>2 exp [— (%1 L
e [-3) ]

()~ @ Dexp [—(XTJ )

x [T — _a) ] e~d1a—dzs (31)
=1 1—exp [—(?J) ]
Under the SEL framework, the BEs of the parameters a and s, represented by &;¢-and $5¢., respectively, are obtained

by taking the means of their posterior distributions. For the observed upper current record sample U<*, these estimators
are given by

E(@| U = [ [, an(as|US) dads, (32)

E(s|U_C*)=f fsn(a,sw_c*)dads.
o Jo

Obtaining closed-form expressions for (29), (30), (32), and (33) is analytically intractable due to the highly complex
structures of the posterior distributions in (20) and (24). Consequently, numerical techniques must be employed to evaluate
these integrals. In particular, simulation- based approaches such as Markov Chain Monte Carlo (MCMC) methods are
adopted, with the Metropolis-Hastings (MH) algorithm being utilized to obtain approximate Bayesian estimates.

5. Current Records Future Prediction

By employing prediction intervals specifically designed for the type of current record under consideration, and by
utilizing carefully refined estimators that account for the underlying data structure, researchers can produce forecasts that
are both more accurate and more informative. This approach not only enhances the reliability of statistical inference but
also strengthens the overall robustness and interpretability of predictive models, thereby facilitating better decision- making
and more effective risk assessment across diverse applied and theoretical contexts.

5.1 Non-Bayesian Prediction Intervals (NBPI)

The prediction of future lower or upper current records, as well as future record ranges, was first systematically
addressed by Barakat et al. (2014), who developed prediction intervals for these quantities. These intervals are constructed
based on the most recently observed current record and a calculated term that depends on the type of current record
being considered—whether lower, upper, or a record range. Within these intervals, a quantity denoted by Q, ,, appears,
where v indicates the position of the future current record to be predicted. Specifically, v = 1 corresponds to the first
predicted value, v = 2 to the second, and so forth, up to a maximum of five predicted values, while y represents the
chosen significance level. Values of Q,,,, have been tabulated in the literature for reference.
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In our methodology, we modify the interval construction by estimating the parameters @ and s based on the type of

interval. For intervals concerning upper current records, we use ’o\r% or ag';l in place of the original estimator ‘@ computed

from the full dataset, and 3% or 35E. instead of the original 3. Conversely, for intervals involving lower current records,
U U

we employ &¢- or @.¢: and )¢ or §.¢. This adjustment improves the accuracy and reliability of the resulting predictive
intervals.

The following algorithm summarizes the steps for the prediction procedure:

Step (1) For the given dataset, identify the probability distribution F that best describes the observed data.

Step (2) Extract the observed lower and upper current record values and compute the associated record ranges. Let
u denote the number of observed lower and upper current records.

Step (3) Estimate @, and 3¢ or @25 and $55 using the approaches outlined in Subsections 4.1 and 4.2. Similarly,

estimate @j¢ and §,% oragé. and 35¢-.

Step (4) Determine the position v of the future current record to be predicted and the desired significance level y.
Then obtain the corresponding value of €,,,, from the tables provided by Barakat et al. (2014).

Step (5) Using the estimates from Step (3), compute the lower and upper bounds of the predictive confidence intervals

as follows:
1 ycH F-1 (1 F T Ovy e i 0 i i c*
. i — Ug )) is a (1 — y)% confidence interval for Ug%,.
2. (FY(F* vy (LG)) LS) is a (1 —¥)% confidence interval for LS.
. Cr e —1+Qyy,
3, (U,f — 1§, F(1-F
max (1 — 2y, 0).

(U,f*)) - F‘l(F”QW(Lf;‘))) is a % confidence interval for RS}, where g >

5.2 Bayesian Predictive Interval (BPI) and Bayesian Predictive Value (BPV)

Finding BPV using Bayesian predictive methodology (BPM) is a statistical framework based on Bayes’ theorem, which
combines prior knowledge about unknown parameters with information extracted from observed data to make informed
predictions. Unlike classical approaches that produce single-point estimates, BPM incorporates uncertainty by integrating
over the full posterior distribution of the parameters. This integration yields a Bayesian predictive distribution (BPD) for
future observations, which naturally accounts for both the inherent variability in the data and the uncertainty in parameter
estimates. From this predictive distribution, BPIs can be constructed, providing a range of plausible values for future
observations along with a specified probability of coverage. As additional data become available, both the predictive
distributions and the corresponding BPIs are consistently and coherently updated, making BPM particularly advantageous
in situations with limited data or when prior knowledge plays a crucial role.

For lower current records, to find BPV of future observations proceeds, let LS* denote the vth lower current record
to be predicted, with v > u, where u is the number of observed lower current records. Conditional on the observed
sequence L*, the posterior predictive density of LS*is defined as

Fer () = f [ Figug Q1) et 1) ds da (34)
- 0
0

The conditional density fyc-j.c: (L | 1,,) follows from Eq. (13). Using the Fréchet PDF and CDF given in Egs. (1) - (2),
it can be expressed as

frgug (b 1) = ﬁ (%)H P [‘ <l?)] = K%)]

v—u-—-1

) (T o<t < )

N N

Substituting (35) together with the joint posterior distribution in (29) into (34) yields the posterior predictive density
© .o o —ptaa—2 (v —(a+1) L\~ ® 1,\—&
flue ) = [ f e s () 20 (2) - (2)

N N N

X [exP ((%)_a) - 1] [1 —exp (_ ("S_u)‘“)r ﬁ (%)—(au)

v—u-1
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X exp {— (%’)_a + (l?”) “ bia — b2S} dsda. (36)
Under SEL, the PBV of LS'is the posterior predictive mean
—BPV . l

LS = E(Lf, Ii) = foﬂ L fLIéﬂL_C*(lv) dl,. (37)

Since a closed-form evaluation of (37) is not analytically tractable, a Monte Carlo approximation is employed:

K
—BPV 1 cx(k)
LS ~ E L,
k=1

where {Lf,*(k)}£=lare generated from the posterior predictive distribution via MCMC sampling.
A 100(1 — y)% Bayesian predictive interval (L, U, )for LS"satisfies
P(L, <Ly <U, IL7)=1—y.

The predictive limits are determined by

Ly
[ e @t =71 (38)
0

Uy
f flope @) dl,=1="/,. (39)
, e

In practice, these bounds are approximated using the ordered posterior predictive sample.
{Lf/*(k)}lk{ﬂ as

(Ly: Uy) = (Qy/szh—y/z):

where q,, denotes the p th quantile of the posterior predictive distribution.
Since lower current records form a decreasing sequence, Lg" < L;" for v > p, all BPI are necessarily upper-bounded
by the most recent observed lower record [,,. This constraint is enforced in both simulation and interpretation.

Now let US* denote the vth future upper current record to be predicted, where v > u and u is the number of observed
upper current records. Conditional on the observed sequence U¢*, the posterior predictive density of US* is defined by

fogwe (W) = J;" Iy Fugrug (Ul U )m(a s|US )dsda, (40)

where the conditional density fUS*lUﬁ*(vau) is given in (14). Using (1) (2), the conditional density in (14) can be
written explicitly as

T I N
-a —aqqv-u-1
% (%) - (%) ] U, > U,

Substituting (41) and the joint posterior density of («, s) given in (32) into (40) gives the posterior predictive density
of the future upper current record:

© oo U —(a+1) U -a U -a
P _ v u v
fugwe () = f f atis —ut e -2(37) [(?) -(3) ]

x (1= exp[— ()" 2 Exp[—(’%)_a] ; (g)‘(“ﬂ)
(1 p[ (S) ]) 1—89617[—(’%1)_“] = 1—exp[_(g)_]

ol

v—p—1

(42)

—dla—dzs} dsda
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Under the SEL function, the BPV of the future upper current record US* is the posterior predictive mean

U5"= EUST U = [ Uy fygeyer (Un)dUy

(43)

Since the predictive density in (42) is also analytically intractable, the expectation in Eq. (43) does not admit a closed

form expression. Accordingly, the Bayesian point predictor is approximated using Monte Carlo simulation:

— 1 « (k
8PV Lyk cx (k)
UU* ~ kzk:l Uv ’

Where {U," (k)}’,ﬁzl are draws from the posterior predictive “distribution obtained via MCMC. A 100(1 —y)%
Bayesian predictive interval (L, U, ) for U;" is defined by

P(L, S U <U U =1-y

The corresponding bounds satisfy.

L foerwe
Up Uy |US (Up)dUp=y/2,

U.
Y, £P
S Tog e wauy=1-y/2

(44)

(45)

In practice, the Bayesian predictive interval is obtained from the ordered posterior predictive sample. {U," (k)}ﬁzl as

(LyUy)= (qv/z' Q1—v/2)-

6. Numerical Elucidation
6.1 Simulation Study

This section presents a comprehensive simulation study, along with the associated estimation procedures, for current

record data under the Fréchet distribution. Simulation studies play a crucial role in scientific research, as they allow the
performance of statistical methods to be systematically evaluated in controlled, reproducible settings. In particular,
simulations enable the assessment of the finite-sample behavior of estimators, the examination of their bias, variability,
and robustness, and the comparison of competing inferential approaches when analytical results are unavailable or difficult
to obtain. In the context of record—based inference for the Fréchet distribution, simulation experiments provide valuable
insight into the accuracy and stability of parameter estimates derived from incomplete data, such as current record values.
Moreover, they help to validate theoretical findings, illustrate the practical feasibility of the proposed methods, and offer
guidance on their implementation and expected performance in real-world applications.

Here we will generate 1000 samples with size 100, and in each sample, we will pick the upper and lower current
records. Then we will estimate the parameters of each using MLE and BE techniques. After that, and for each sample of
size u, the mean of the estimates along with the standard deviation (SD) will be calculated, and the number of samples
with that pwill be stored as ¢ In addition, the estimation accuracy was evaluated using the mean absolute deviation (MAD)
and the root mean square error (RMSE). Furthermore, bootstrap confidence intervals (BCls) were constructed for each

model parameter. A comprehensive summary of these results is provided in Tables 1, 2, and 3

Table 1 (a): Results of Simulationwhena = 2ands = 1

MLE

BE

u Parameter Mean + SD RMSE/MAD

95% BCI

Mean = SD

RMSE/MAD

95% BCI

aye 3.0066 *+ 0.4281 1.0845 / 1.0066 [2.7447, 3.2673] 2.9861 + 0.4397 1.0697 / 0.9861 [2.7010, 3.2545]
4(v=9) Sye 4.9559 + 1.6584 4.2537 / 3.9559 [4.0131, 6.0124] 5.1943 + 1.4268 4.4048 / 4.1943 [4.3586, 6.1221]
apex 2.8831 + 0.6385 1.0688 / 0.8831 [2.4958, 3.2802] 2.9365+ 0.7140 1.1533 / 1.0200 [2.4972, 3.3572]
Sper 0.5799 * 0.3487 0.5334 / 0.4735 [0.3901, 0.7948] 0.5555 + 0.3230 0.5388 / 0.4734 [0.3596, 0.7729]
aye 2.9749 £ 0.5779 1.1282 /0.9749 [2.7505, 3.1788] 3.0482 + 0.6571  1.2311/1.0482 [2.8113, 3.2998]
5w =29) Syer 5.4657 *+ 3.2455 5.4875 / 4.4657 [4.3745, 6.6141] 5.4133 £3.3123  5.4836 / 4.4133 [4.3199, 6.6173]
aper 3.0850 + 0.5512 1.2127 / 1.0850 [2.8916, 3.2824] 2.9583 + 0.6194 1.1353 / 0.9618 [2.7428, 3.1680]
Sper 0.7263 + 0.5692 0.6226 / 0.5012 [0.5599, 0.9563] 0.7080 + 0.5080 0.5783 / 0.4936 [0.5495, 0.9113]
aye 3.0810 £ 0.5612 1.2157 / 1.0810 [2.9377, 3.2120] 3.0942 + 0.6346  1.2621 / 1.1009 [2.9373, 3.2654]
6 (v=156) Syer 6.0565 + 3.8115 6.3116 / 5.0565 [5.1150, 7.0164] 6.0835 + 3.7928 6.3222 / 5.0835 [5.2587, 7.0818]
aex 3.0448 + 0.5555 1.1810 / 1.0448 [2.9026, 3.1803] 3.0426 + 0.6735 1.2379 /1.0576 [2.8898, 3.2208]
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Table 1 (b): Results of Simulation when @ = 2ands = 1
MLE BE
u Parameter Mean + SD  RMSE/MAD 95% BCI Mean = SD RMSE/MAD 95% BCI
s+ 0.6780 = 0.4726 0.5684 / 0.4896 [0.5646, 0.8124] 0.6503 + 0.4475 0.5648 / 0.4977 [0.5427, 0.7747]
ayes  3.0268 + 0.5844 1.1801 / 1.0268 [2.9156, 3.1367] 3.0074 + 0.6382  1.1909 / 1.0146 [2.8922, 3.1318]
7 (v=109) Syer 4.7679 + 2.5679 4.5531 / 3.7679 [4.3169, 5.2384] 4.7262 + 25947  4.5338 / 3.7262 [4.2598, 5.2379]
ae-  2.9983 £ 0.5831 1.1547 /0.9983 [2.8944, 3.1120] 2.9565 + 0.6844  1.1743 / 0.9758 [2.8315, 3.0876]
spe+ 0.5640 + 0.1998 0.4792 / 0.4523 [0.5259, 0.6015] 0.5741 +0.2298  0.4834 / 0.4546 [0.5308, 0.6169]
ayer  3.0265 + 05704 1.1734 / 1.0265 [2.9357, 3.1240] 3.0577 +0.6519  1.2413 / 1.0651 [2.9662, 3.1566]
8 (v=151) sye  5.2982 + 46794 6.3424 / 42982 [4.6724, 6.2816] 5.2717 + 46782  6.3236 / 42717 [4.5732, 6.0515]
age  3.0349 £ 0.5964 1.1934 / 1.0349 [2.9363, 3.1310] 3.0418 +0.6524  1.2281 / 1.0640 [2.9476, 3.1601]
spe 0.6048 + 0.3038 0.4979 / 0.4608 [0.5602, 0.6522] 0.6110 + 0.3084  0.4957 / 0.4555 [0.5666, 0.6685]
ayer  2.9457 £ 05734 1.1051 / 0.9457 [2.8712, 3.0352] 2.9508 + 0.6107  1.1291/ 0.9601 [2.8630, 3.0494]
9(w=179) sy  5.0600 * 3.7325 5.5079 / 4.0600 [4.5660, 5.5387] 5.0662 + 3.7290 5.5101 / 4.0662 [4.5573, 5.6255]
ape-  2.9895 £ 0.6142 1.1637 / 0.9895 [2.9096, 3.0800] 3.0536 % 0.7055  1.2669 / 1.0682 [2.9537, 3.1611]
Spe 0.5489 + 0.2696 0.5251 / 0.4829 [0.5188, 0.5917] 0.5504 + 0.2685 0.5233 / 0.4789 [0.5165, 0.5884]
aye  2.9221 + 05721 1.0840 /0.9221 [2.8217, 3.0218] 2.8795 + 0.6361  1.0841/ 0.8891 [2.7826, 3.0018]
10 (v =135 sye  5.2548 + 8.4823 9.4615 / 4.2548 [4.1057, 7.0965] 5.2573 + 8.4843  9.4644 / 42573 [4.0155, 6.8800]
age-  3.0097 £0.5999 1.1733 / 1.0097 [2.9135, 3.1006] 3.0287 +0.7330  1.2615 / 1.0474 [2.9014, 3.1605]
s+ 0.5538 % 0.2775 0.5250 / 0.4888 [0.5165, 0.6100] 0.5680 + 0.2984  0.5244 / 0.4768 [0.5282, 0.6279]
ayer  2.9627 + 05673 1.1164 / 0.9627 [2.8713, 3.0588] 3.0084 + 0.6847 1.2175/1.0273 [2.8968, 3.1247]
11 (v =142 sy 4.4248 + 25763 4.2802 / 3.4248 [4.0213, 4.8642] 4.4125 + 2.5808  4.2730 / 3.4125 [4.0079, 4.8519]
ae-  2.9187 £ 0.5667 1.0783 / 0.9187 [2.8307, 3.0158] 2.9526 + 0.6839 1.1713 / 0.9702 [2.8453, 3.0630]
s+ 0.5416 % 0.1936 0.4973 / 0.4767 [0.5113, 0.5751] 0.5478 + 0.2083  0.4976 / 0.4719 [0.5183, 0.5853]
aye 3.0089 = 0.5534 1.1493 / 1.0089 [2.8934, 3.1226] 3.0156 = 0.5911  1.1736 / 1.0245 [2.9060, 3.1298]
12 (v =97)  sye  4.0584 + 1.9947 3.6458 / 3.0584 [3.6681, 4.4380] 4.0230 £ 2.0040 3.6212/ 3.0230 [3.6427, 4.4248]
age-  3.1109 £ 0.5798 1.2517 / 1.1109 [2.9854, 3.2215] 3.1714 +0.7144  1.3702 / 1.1785 [3.0298, 3.3223]
spe« 0.5203 + 0.1098 0.4920 / 0.4797 [0.4998, 0.5413] 0.5241 + 0.1179  0.4901 / 0.4759 [0.5011, 0.5496]
aye  2.8181+0.5024 0.9571/0.8181 [2.6750, 2.9568] 2.8124 +0.5415 0.9730 / 0.8170 [2.6606, 2.9617]
13 (v =45) sy 4.5769 26102 4.4109 / 3.5769 [3.8925, 5.4401] 4.5024 + 2.6348  4.3652 / 3.5024 [3.7707, 5.2985]
ae- 3.0369 +0.6308 1.2100 / 1.0369 [2.8584, 3.2241] 3.1073 + 0.6641  1.2874 / 1.1274 [2.9031, 3.3137]
Spe 0.5225 + 0.0961 0.4868 / 0.4775 [0.4945, 0.5499] 0.5194 + 0.1090 0.4925 / 0.4806 [0.4849, 0.5498]
ayes  3.1088 + 06125 1.2580 / 1.1088 [2.8379, 3.3837] 3.1284 + 0.6434  1.2896 / 1.1284 [2.8711, 3.4441]
14 (v=17)  sye  3.8027 + 1.2959 3.0718 / 2.8027 [3.2399, 4.4437] 3.7846 + 1.2559  3.0395 / 2.7846 [3.2902, 4.2924]
ae- 3.0162 +0.6495 1.1957 / 1.0162 [2.7038, 3.3021] 3.0726 + 0.7658  1.3048 / 1.1052 [2.6483, 3.4086]
s+ 0.5141 % 0.1093 0.4973 / 0.4859 [0.4660, 0.5673] 0.5289 + 0.1528  0.4938 / 0.4711 [0.4681, 0.6106]
ayer  2.8070 + 05725 0.9775/0.8070 [2.5449, 3.1373] 2.7378 £ 0.7511  1.0335/0.7378 [2.4063, 3.1471]
15 (v=14)  sye  3.5722 £2.0195 3.2255/2.5722 [2.6944, 47692] 3.6612 +2.0009 3.2863 / 2.6612 [2.8255, 4.6915]
ae-  3.2148 £ 0.6317 1.3588 / 1.2148 [2.8921, 3.5069] 3.4437 +0.7532  1.6159 / 1.4437 [3.0536, 3.8202]
Spe 0.5334 + 0.1213 0.4811 / 0.4666 [0.4803, 0.5956] 0.5789 *+ 0.1505 0.4454 / 0.4239 [0.5166, 0.6568]
aye  2.8330 +0.5608 0.9866 / 0.8330 [2.4999, 3.2307] 2.7944 + 0.5432 0.9452 / 0.8345 [2.4504, 3.0899]
16 (v=29) syes  4.8049 + 2.6535 4.5536 / 3.8049 [3.5105, 6.5927] 4.6480 + 2.7137  4.4558 / 3.6480 [3.3849, 6.4855]
ae  3.2306 + 0.6321 1.3674 / 1.2306 [2.8513, 3.5838] 3.1853 +0.5208 1.2830 / 1.1853 [2.8371, 3.4973]
se-  0.5235 +0.0752 0.4818 / 0.4765 [0.4765, 0.5723] 0.5163 + 0.1012  0.4930 / 0.4837 _ [0.4594, 0.5795]
Table 2 (a): Results of Simulationwhena = 3ands = 1
MLE BE
u Parameter Mean + SD RMSE/MAD _ 95% BCI Mean + SD RMSE/MAD _ 95% BCI
ayes  3.0287 + 0.5284 0.4990 / 0.4439 [2.7159, 3.3459] 2.9822 + 0.8395 0.7917 / 0.6805 [2.4751, 3.4772]
4 (v=9) Syer 2.9085 + 1.7398 2.5166 / 1.9085 [1.9653, 4.1383] 2.8560 + 1.6632 2.4297 / 1.8724 [1.9097, 3.9889]
age- 31757 £ 0.6420 0.6302 / 0.5745 [2.7825, 3.5656] 3.1635 + 0.6471 0.6316 / 0.5679 [2.7506, 3.4969]
s+ 0.6960 + 0.4482 0.5206 / 0.4826 [0.4826, 1.0325] 0.6983 + 0.4942 0.5551 / 0.5095 [0.4612, 1.0285]
ayes  3.1418 £ 0.6278 0.6317 / 0.5615 [2.9079, 3.3926] 3.1462 + 0.8092 0.8068 / 0.6900 [2.8094, 3.4688]
5 (v =26) Sye 27753 +1.3826 2.2338 / 1.7753 [2.2790, 3.3463] 2.7469 * 1.4125 2.2294 / 1.7469 [2.2709, 3.2871]
ae-  3.0044 + 05614 0.5505 / 0.4682 [2.8062, 3.2154] 3.0199 + 0.5910 0.5799 / 0.4869 [2.7922, 3.2374]
s« 0.6835+ 0.2572 0.4047 /0.3633 [0.5925, 0.7909] 0.6861 + 0.2991 0.4296 / 0.3890 [0.5796, 0.8094]
ayes 3.1435 + 0.6420 0.6519 / 0.5868 [2.9688, 3.3149] 3.1581 + 0.7304 0.7406 / 0.5944 [2.9750, 3.3801]
6 (v =53) syee  2.5265 % 0.7550 1.6998 / 1.5265 [2.3312, 2.7203] 2.5146 = 0.7615 1.6920 / 1.5146 [2.3285, 2.7292]
age-  3.0118 £ 05377 0.5328 / 0.4516 [2.8457, 3.1518] 3.1015 + 0.6465 0.6484 / 0.5329 [2.9359, 3.2682]
Spe 0.6413 + 0.1630 0.3934 / 0.3672 [0.5986, 0.6803] 0.6485 + 0.1811 0.3947 / 0.3653 [0.5971, 0.6954]
ayes  3.0261 + 0.5802 0.5783 / 0.4956 [2.9370, 3.1245] 3.0649 + 0.7093 0.7092 / 0.6150 [2.9446, 3.1926]
7 (v=118) syee  2.5709 % 1.3639 2.0766 / 1.5709 [2.3613, 2.8632] 2.5583 + 1.3750 2.0744 / 1.5599 [2.2971, 2.8345]
ac 3.0485 = 0.5744 0.5740 / 0.5038 [2.9431, 3.1516] 3.0573 + 0.6549 0.6546 / 0.5370 [2.9314, 3.1793]
s+ 0.6110 £0.1964 0.4354 / 0.4139 [0.5785, 0.6469] 0.6137 + 0.2211 0.4447 / 0.4184 [0.5734, 0.6525]
ayes  3.0407 + 0.5938 0.5934 / 0.5186 [2.9588, 3.1302] 3.0336 + 0.6393 0.6383 / 0.5348 [2.9332, 3.1300]
8 (v = 165) Sye  2.3327 % 0.7913 1.5487 / 1.3327 [2.2323, 2.4590] 2.3322 + 0.7560 1.5306 / 1.3322 [2.2255, 2.4420]
ae-  3.0035 + 0.5689 0.5672 / 0.4867 [2.9154, 3.0833] 3.0266 + 0.6565 0.6550 / 0.5374 [2.9283, 3.1262]
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Table 2 (b): Results of Simulation when @ = 3ands = 1
MLE BE
u Parameter Mean + SD RMSE/MAD 95% BCI Mean + SD RMSE/MAD 95% BCI

Spe 0.5976 = 0.1236 0.4209 / 0.4031 [0.5784, 0.6159] 0.5916 + 0.1314 0.4289 / 0.4099 [0.5726, 0.6130]

ayer 2.8855 = 0.5726 0.5824 / 0.5102 [2.7947, 2.9719] 2.9199 + 0.6838 0.6866 / 0.5560 [2.8239, 3.0133]

9(v=177) Syer 2.1866 = 0.7349 1.3946 / 1.1866 [2.0701, 2.2930] 2.2105 + 0.7876 1.4429 / 1.2105 [2.0853, 2.3400]
e 2.9252 + 0.5924 0.5955 / 0.5081 [2.8435, 3.0157] 2.9805 + 0.7362 0.7344 / 0.6130 [2.8776, 3.0915]

Sper 0.5712 £ 0.1100 0.4426 / 0.4288 [0.5549, 0.5872] 0.5812 + 0.1342 0.4396 / 0.4188 [0.5591, 0.6029]

aye 3.0281 = 0.5607 0.5594 / 0.4866 [2.9409, 3.1174] 3.0325 + 0.6543 0.6528 / 0.5370 [2.9247, 3.1417]

10 (v = 144) Syer 2.5493 + 1.4466 2.1162 / 1.5493 [2.3361, 2.7954] 2.5323 + 1.4749 2.1232 / 1.5323 [2.3199, 2.7993]
a;c 2.9668 = 0.5779 0.5769 / 0.5061 [2.8660, 3.0589] 3.0115 + 0.6728 0.6706 / 0.5558 [2.9146, 3.1280]

Sper 0.5878 = 0.1053 0.4253 / 0.4128 [0.5709, 0.6054] 0.6019 + 0.1314 0.4191 / 0.3988 [0.5789, 0.6229]

ayes 3.0189 + 0.5897 0.5876 / 0.5081 [2.9136, 3.1110] 3.0653 + 0.7057 0.7059 / 0.5946 [2.9259, 3.1917]

11 (v =125) Sye 2.1537 £ 0.7792 1.3905 / 1.1537 [2.0232, 2.2930] 2.1540 + 0.7915 1.3975 / 1.1540 [2.0222, 2.2989]
aper 2.9173 £ 0.5700 0.5737 / 0.4965 [2.8204, 3.0119] 2.9649 + 0.6578 0.6561 / 0.5423 [2.8470, 3.0713]

Spex 0.5600 * 0.0875 0.4485 / 0.4400 [0.5442, 0.5746] 0.5597 + 0.0933 0.4500 / 0.4403 [0.5435, 0.5747]

aye 3.0400 *+ 0.5261 0.5244 / 0.4361 [2.9100, 3.1539] 3.0144 + 0.6220 0.6183 / 0.4873 [2.8881, 3.1533]

12 (v =81) Syer 2.3230 + 1.5842 2.0565 / 1.3230 [2.0649, 2.7482] 2.3448 + 1.6167 2.0952 / 1.3448 [2.0656, 2.7863]
ac 3.0229 £ 0.5782 0.5751 / 0.4991 [2.8971, 3.1415] 3.0743 + 0.7084 0.7079 / 0.5624 [2.9258, 3.2242]

Spex 0.5899 #+ 0.1029 0.4227 / 0.4101 [0.5689, 0.6140] 0.6020 + 0.1185 0.4151 / 0.3980 [0.5760, 0.6290]

aye 3.1425 £ 0.5520 0.5634 / 0.4842 [2.9687, 3.3042] 3.1829 + 0.6795 0.6955 / 0.5766 [2.9782, 3.3905]

13 (v = 40) Syex 2.2422 + 0.6798 1.4120 / 1.2422 [2.0511, 2.4666] 2.2457 + 0.6530 1.4027 / 1.2457 [2.0527, 2.4433]
ac 2.9500 = 0.5969 0.5915/0.5174 [2.7603, 3.1418] 2.9474 + 0.6054 0.6001 / 0.5021 [2.7832, 3.1377]

Spe 0.5826 = 0.0708 0.4232 / 0.4174 [0.5619, 0.6044] 0.5814 + 0.0941 0.4288 / 0.4186 [0.5533, 0.6083]

aye 3.2174 £ 0.5437 0.5783 / 0.5089 [3.0398, 3.3911] 3.2942 + 0.5270 0.5970 / 0.5293 [3.1089, 3.4728]

14 (v = 35) Syer 2.1230 + 0.5447 1.2448 / 1.1230 [1.9608, 2.3001] 2.0985 + 0.5228 1.2134 / 1.0985 [1.9387, 2.2770]
ac 2.9477 £ 0.5352 0.5301 / 0.4521 [2.7736, 3.1021] 2.9255 + 0.6410 0.6361 / 0.5221 [2.7355, 3.1433]

Spe 0.5675 = 0.0819 0.4399 / 0.4325 [0.5414, 0.5951] 0.5590 + 0.1075 0.4536 / 0.4410 [0.5275, 0.5981]

aye 3.0104 £ 0.4593 0.4448 / 0.3915 [2.7928, 3.2328] 3.0423 + 0.5724 0.5558 / 0.4259 [2.7529, 3.3156]

15 (v =16) Syer 2.1412 £ 0.4904 1.2361 / 1.1412 [1.9145, 2.3818] 2.2239 + 0.5234 1.3247 / 1.2239 [2.0027, 2.4649]
ac 3.2097 = 0.4899 0.5186 / 0.4239 [2.9942, 3.4171] 3.2610 + 0.5434 0.5873 / 0.4554 [3.0118, 3.5168]

Spe 0.6075 = 0.0816 0.4004 / 0.3925 [0.5735, 0.6510] 0.5992 + 0.0916 0.4105 / 0.4008 [0.5544, 0.6434]

Table 3 (a): Results of Simulation when @ = 3ands = 2
MLE BE
u Parameter Mean + SD RMSE/MAD 95% BCI Mean + SD RMSE/MAD 95% BCI

aye 3.1628 = 0.5871 0.5949 / 0.5472 [2.9217, 3.3962] 3.2162 + 0.7193 0.7337 / 0.6761 [2.8673, 3.4544]

4 (v=20) Syex 6.2900 = 2.6145 4.9898 / 4.2900 [5.2710, 7.5025] 6.3218 + 2.5908 5.0054 / 4.3218 [5.2892, 7.3031]
ac 3.1135 £ 0.6098 0.6051 / 0.5305 [2.8420, 3.3410] 3.1966 + 0.7693 0.7752 / 0.6084 [2.8685, 3.5351]

Spex 1.6186 = 0.8363 0.9000 / 0.7983 [1.2831, 1.9610] 1.6711 £ 0.8587 0.8993 / 0.7918 [1.3539, 2.0634]

ayer 2.8682 + 0.5425 0.5484 / 0.4852 [2.6773, 3.0640] 2.8735 + 0.6102 0.6120 / 0.4974 [2.6248, 3.1113]

50w =27) Syex 6.3119 £ 3.7988 5.6999 / 4.3119 [5.1875, 7.9232] 6.2146 + 3.8268 5.6449 / 4.2146 [5.0149, 7.8620]
ac 2.9666 = 0.5549 0.5455 / 0.4624 [2.7438, 3.1935] 2.9736 + 0.6558 0.6441 / 0.5188 [2.7526, 3.2276]

Spex 1.5609 + 0.7536 0.8601 / 0.7286 [1.3074, 1.8547] 1.6133 £ 0.7871 0.8638 / 0.7467 [1.3499, 1.9368]

ayer 2.8414 + 0.5955 0.6121 / 0.5373 [2.7055, 2.9778] 2.8101 £ 0.6325 0.6560 / 0.5529 [2.6567, 2.9559]

6 (v=69) Syer 4.3891 + 1.2556 2.6947 / 2.3891 [4.1065, 4.6805] 4.3770 £ 1.2998 2.7046 / 2.3777 [4.1142, 4.7077]
a;c 3.1313 £ 0.5813 0.5919 / 0.5246 [2.9914, 3.2647] 3.2060 + 0.6702 0.6965 / 0.5817 [3.0665, 3.3550]

Spex 1.2470 + 0.3339 0.8227 / 0.7681 [1.1731, 1.3253] 1.2668 £ 0.3897 0.8290 / 0.7695 [1.1858, 1.3601]

ayer 3.0255 £ 0.5995 0.5971 / 0.5187 [2.9183, 3.1307] 3.0025 + 0.6784 0.6751 / 0.5757 [2.8663, 3.1311]

7 (v=102) Syex 5.1288 + 1.9830 3.6991 / 3.1288 [4.7381, 5.5223] 5.0838 + 2.0080 3.6745 / 3.0838 [4.7797, 5.4781]
ac 3.0244 £ 0.5733 0.5710 / 0.4928 [2.9164, 3.1278] 3.0758 + 0.7065 0.7071 / 0.5926 [2.9396, 3.2124]

Spex 1.2331 £ 0.3022 0.8238 / 0.7773 [1.1740, 1.2931] 1.2707 + 0.3601 0.8126 / 0.7624 [1.2017, 1.3475]

ayer 3.0166 = 0.5831 0.5815 / 0.4993 [2.9158, 3.1087] 3.0577 + 0.6644 0.6648 / 0.5419 [2.9502, 3.1634]

8 (v =157) sye-  5.3413 + 45215 5.6105 / 3.3413 [4.7137, 6.1831] 5.3118 + 45311 5.6007 / 3.3118 [4.7071, 6.0645]
ac 2.9887 + 0.5818 0.5800 / 0.5058 [2.8866, 3.0783] 3.0214 + 0.6761 0.6743 / 0.5427 [2.9190, 3.1281]

Sper 1.1391 + 0.2161 0.8875 / 0.8609 [1.1066, 1.1705] 1.1462 + 0.2606 0.8925 / 0.8538 [1.1068, 1.1883]

aye 2.9430 = 0.5565 0.5578 / 0.4701 [2.8698, 3.0244] 2.9353 + 0.6562 0.6574 / 0.5452 [2.8365, 3.0204]

9 (v=172) Syex 4.7601 = 1.8778 3.3352 / 2.7601 [4.5013, 5.0213] 4.7358 + 1.8904 3.3222 / 2.7367 [4.4768, 5.0457]
ac 2.9397 + 0.5457 0.5474 / 0.4626 [2.8515, 3.0218] 3.0071 + 0.6801 0.6781 / 0.5597 [2.9054, 3.1086]

Spex 1.1521 £ 0.2010 0.8713 / 0.8479 [1.1209, 1.1809] 1.1560 + 0.2442 0.8784 / 0.8440 [1.1206, 1.1923]

ayes 2.9862 + 0.5822 0.5806 / 0.4994 [2.8938, 3.0692] 2.9854 + 0.6524 0.6506 / 0.5377 [2.8853, 3.0786]

10 (v =161) Syex 4.5690 + 1.5246 2.9849 / 2.5690 [4.3411, 4.8073] 4.5077 + 1.5556 2.9484 / 2.5093 [4.2883, 4.7602]
ac 2.9966 = 0.6369 0.6350 / 0.5645 [2.9027, 3.0968] 3.0052 + 0.6959 0.6938 / 0.5831 [2.9035, 3.1093]

Spex 1.1398 + 0.2201 0.8878 / 0.8653 [1.1053, 1.1758] 1.1486 + 0.2838 0.8972 / 0.8619 [1.1073, 1.1934]
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Table 3 (b): Results of Simulation when @ = 3 ands = 2
MLE BE
u Parameter Mean + SD  RMSE/MAD 95% BCI Mean + SD RMSE/MAD 95% BCI
ayes  3.0540 + 0.5804 0.5807 / 0.5091 [2.9535, 3.1516] 3.0373 + 0.6449 0.6435 / 0.5403 [2.9339, 3.1463]
11 (v =131)  sye-  4.4335 % 1.6527 2.9381/2.4335 [4.1491, 4.7223] 4.4174 + 1.6784 2.9392 / 2.4174 [4.1386, 4.7234]
ae-  3.0426 + 05242 0.5240 / 0.4451 [2.9507, 3.1281] 3.0613 + 0.6633 0.6636 / 0.5435 [2.9492, 3.1750]
s+ 1.1687 +0.1987 0.8545 /0.8337 [1.1351, 1.2013] 1.1907 + 0.2571 0.8488 / 0.8167 [1.1482, 1.2375]
aye  3.0519 + 06049 0.6027 / 0.5375 [2.9031, 3.1902] 3.0507 + 0.6259 0.6234 / 0.5291 [2.9020, 3.1824]
12 (v = 69) syer  4.8603 + 55087 6.1715 /2.8603 [4.0076, 6.3085] 4.8305 + 55192 6.1670 / 2.8305 [3.9666, 6.3447]
ae-  3.0408 £ 05344 0.5321/0.4579 [2.9196, 3.1662] 3.0739 + 0.6799 0.6790 / 0.5424 [2.9277, 3.2213]
s+ 1.1640 + 0.1696 0.8528 / 0.8360 [1.1282, 1.2025] 1.1421 + 0.2128 0.8835 / 0.8579 [1.0878, 1.1940]
aye  3.0656 * 0.5696 0.5667 / 0.4791 [2.8920, 3.2252] 3.1563 + 0.6175 0.6300 / 0.5242 [2.9826, 3.3242]
13 (v = 43) Syer  4.1429 + 0.8597 2.3052 / 2.1429 [3.8984, 4.4172] 4.1043 + 0.9014 2.2851 / 2.1043 [3.7986, 4.3685]
ae-  2.9986 + 0.5736 0.5669 / 0.4845 [2.8312, 3.1765] 3.0729 + 0.6508 0.6473 / 0.5532 [2.9143, 3.2609]
s 1.1826 £ 0.2084 0.8430 / 0.8174 [1.1191, 1.2440] 1.1697 + 0.2373 0.8628 / 0.8303 [1.0990, 1.2372]
aye 31202 £ 0.6119 0.6115 / 0.5276 [2.9082, 3.3494] 3.0753 + 0.5553 0.5492 / 0.4585 [2.8668, 3.2744]
14 (v = 25) syer  4.2496 + 1.0122 2.4586 / 2.2496 [3.8358, 4.6394] 4.3079 + 1.0135 2.5125/2.3079 [3.9227, 4.6373]
ae 3.0283 + 0.6775 0.6645 / 0.6037 [2.8099, 3.2734] 2.9615 + 0.6538 0.6417 / 0.5536 [2.6956, 3.2138]
Spex 1.1120 + 0.1680 0.9031 / 0.8880 [1.0476, 1.1775] 1.0964 + 0.1613 0.9174 / 0.9036 [1.0360, 1.1579]
ayes  2.7753 +0.4639 0.5023 / 0.3976 [2.5539, 2.9970] 2.7755 + 0.5418 0.5706 / 0.4333 [2.5233, 3.0250]
15 (v = 16) Syer  4.2368 + 1.0137 2.4427 / 2.2368 [3.7584, 4.7023] 4.1859 + 0.9961 2.3892 / 2.1859 [3.6944, 4.6707]
ape-  2.9839 + 05896 0.5711/0.5142 [2.7159, 3.2798] 2.8983 + 0.7363 0.7202 / 0.6052 [2.5795, 3.2565]

1.1488 + 0.1656

0.8662 / 0.8512

[1.0711, 1.2387] 1.1284 * 0.1578

0.8849 / 0.8716

[1.0551, 1.2026]

Tables 1-3 present an extensive simulation study evaluating the finite-sample performance of the MLE and BEs for

the Fréchet distribution parameters based on upper and lower current records. Overall, the simulation design is sound, and
the reported performance measures (Mean + SD, RMSE, MAD, and bootstrap confidence intervals) are appropriate and
sufficiently informative.

Across all parameter configurations, both estimation methods yield point estimates that are generally close to the true
parameter values, indicating approximate unbiasedness. Small deviations are observed for very small numbers of current
records, particularly for the shape parameter estimated from upper records, but these discrepancies decrease
systematically as the number of records u increases. This pattern suggests empirical consistency of both estimators.

The variability measures reported in the tables reveal a clear improvement in estimation accuracy with increasing u.
Standard deviations, RMSEs, and MADs decrease monotonically as more current records become available, reflecting the
increasing information content of the record sequences. Estimation of the scale parameter exhibits greater variability than
that of the shape parameter, especially when based on upper current records, consistent with the heavy-tailed nature of
the Fréchet distribution.

A consistent feature across all tables is that inference based on lower current records is more stable than inference
based on upper current records. Estimates derived from lower records typically exhibit smaller dispersion measures and
narrower confidence intervals. This behavior is expected, as extreme observations more strongly influence upper records
and therefore display greater sampling variability.

The comparison between MLE and BE does not reveal a uniformly superior method. MLEs often produce slightly
smaller standard deviations and narrower confidence intervals, particularly for moderate to large values of . BEs, on the
other hand, show comparable accuracy and, in some cases, lower MAD values, indicating greater robustness in sparse-
data settings. As u increases, differences between the two approaches become negligible.

Finally, comparisons across different scale parameter settings indicate that larger scale values lead to greater
variability and wider confidence intervals, particularly for upper-record-based estimation. Nevertheless, both estimation
methods remain well centered around the true values, demonstrating robustness of the proposed procedures to changes
in model scale.

In summary, the simulation results provide strong empirical support for the validity and reliability of both maximum
likelihood and Bayesian inference based on current records for the Fréchet distribution. The conclusions drawn from the
tables are well supported by the numerical evidence reported.

6.2 Real Saudi Industrial Data

Within Saudi Arabia’s Industrial Production Index (IPI), activities related to water supply, sewerage, waste
management, and environmental remediation have gained prominence, reflecting the Kingdom’s long-term emphasis on
sustainable development and modern infrastructure. This category encompasses a wide range of essential services,
including desalination operations, water transmission, and distribution systems, wastewater collection and treatment, solid
waste handling, and remediation of environmental hazards, all of which are vital in a country facing chronic water scarcity.
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Movements in the IPI for this sector are strongly influenced by public investment initiatives aligned with Vision 2030,
demographic expansion, urbanisation, and the growing needs of industrial activities for reliable water and sanitation
services. An upward trajectory in the index typically signals capacity expansion, technological upgrading, and efficiency
gains. In contrast, short-term variations may arise from operational maintenance, seasonal consumption patterns, or
adjustments in government spending. With the progressive strengthening of environmental policies and greater
involvement of private entities, this sector is anticipated to play a more consistent and influential role in shaping
assessments of Saudi Arabia’s Industrial Output and Environmental Sustainability.

The following data are the monthly index for the Qil Activities from January 2023 to August 2025 obtained from the
Saudi General Authority of Statistics (SGAS):

112.2, 111.3, 113.4, 113.1, 108.0, 107.9, 99.5, 98.4, 101.1, 95.4, 94.2, 97.5, 97.7, 100.0, 98.8, 98.8,

101.7, 96.5, 97.5, 100.3, 100.4, 100.2, 97.1, 98.2, 97.7, 99.2, 101.6, 100.3, 101.8, 103.3, 106.7, 108.6.

Other IPI data and ours can be found on this link:
https://www.stats.gov.sa/en/statisticstabs?tab=436312&category=123454. After examining several candidate distributions
to identify an appropriate fit for the data, the Fréchet distribution was found to provide the best fit. The estimated shape
and scale parameters were @ = 26.6847 and § = 99.3902, respectively. The adequacy of this fit was assessed using
standard goodness-of-fit procedures, including the Kolmogorov-Smirnov test (p — value = 0.617524), the Anderson-
Darling test (p — value = 0.568566), and the Cramér-von Mises test (p — value = 0.550721). The large p-values
obtained from all three tests indicate strong agreement between the proposed Fréchet model and the observed data. Figure
4 illustrates the fitted Fréchet probability density function and cumulative distribution function superimposed on the
empirical data
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Figure 5: F (26.6847, 99.3902)’s CDF and PDF Against the Real Data

We now proceed to predict future upper and lower current records, as well as record ranges, using the two proposed
approaches: the NBPI method and the BPV incorporating BPI.

First: NBPI

An algorithm was proposed in Subsection 5.1, which makes the NBPI very easy to apply.

We will run this algorithm here:

Step (1) already done with @ = 26.6847 and § = 99.3902 as an estimation for the parameters.

Step (2)
Table 4: Values of L, U;” and R;" from the Data
u 1 2 3 4 5 6 7 8 9
g 112.2 112.2 113.4 113.4 113.4 113.4 113.4 113.4 113.4
L 112.2 111.3 111.3 108 107.9 99.5 98.4 95.4 94.2
RS 0 0.9 2.1 5.4 5.5 13.94 15 18 19.2

Step (3) Since the simulation study in Subsection 6.1 shows that both BE and MLE perform well here, we will adopt
the BE for parameter estimation. Applying the formulas from Subsection 4.2, we obtained that @25 = 11.2506, $25 =
104.2441, a;é = 14.7822 and §;é = 87.5142.

Step (4) To predict the next three upper and lower current records, we consider the cases v = 1,2, and 3. For a
significance level y = 0.05and 4 = 9, the corresponding quantiles Q,,,, are Q; 05 = 0.320292, Q, 05 = 0.526398,
and Q3005 = 0.716627. The resulting NBPIs for the next three future current records are reported in Table 5.


https://www.stats.gov.sa/en/stat
https://www.stats.gov.sa/en/statistics-tabs?tab=436312&category=123454
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Step (5)

Table 5: NBPI for the Next Three Current Records
u=9 Uitv Lty Rty
v=1 (113.400, 123.306) (91.902, 94.200) (19.200, 31.404)
v =2 (113.400, 130.105) (90.725, 94.200) (19.200, 39.381)
v=3 (113.400, 136.705) (89.783, 94.200) (19.200, 46.922)

Second: BPV and BPI

To predict future lower current records using the BPV approach with BPIs, equations 37, 38, and 39 are applied to
the data presented in Table 4. A similar procedure is employed for upper current records using equations 42, 43, and 44.
Predictions are then obtained for the next three current records, together with their corresponding BPIs, forv = 1,2, and
3. The results are summarized in Table 6.

Table 6: BP and BPI for the Next Three Current Records

9 Ugto Ly Ri%y
v=1 125.969(113.66, 167.262) 89.4337(77.8834, 94.0605) 36.5353(35.7766, 73.2015)
v =2 127.135(113.681, 173.833) 89.3607(81.0645, 93.4551) 37.7743(32.61657, 80.3779)
v =3 127.673(113.678, 175.317) 88.8882(81.0434, 92.9578) 38.7848(32.6346, 82.3592)

A key feature of the Saudi IPI data is the extremely limited variability in the upper current record sequence. As shown
in Table 4, the upper records take only two distinct values and remain constant at
Ug = 113.4fromu = 3 onward. This repetition leads to weak identifiability of the upper-record distribution and a flat
likelihood surface, thereby inflating posterior uncertainty within the Bayesian framework. As a result, the Bayesian predictive
intervals (BPIs) in Table 6 are excessively wide for future upper records and record ranges, reflecting posterior over-
dispersion rather than genuine variability. Unlike the NBPI results in Table 5, Table 6 also provides a Bayesian point estimate
for each predicted record, offering an expected value in addition to the interval.

In contrast, the lower current records exhibit more gradual variation, resulting in narrower and more informative BPls
in Table 6 than the corresponding intervals in Table 5. This is because the greater empirical variability in the lower records
provides more information for estimation, reducing posterior uncertainty. The NBPI method in Table 5, while not producing
point estimates, remains stable for both upper and lower records, as it enforces record constraints and is less sensitive to
repeated values.

Overall, these observations illustrate that when upper records are largely constant, Bayesian intervals may overstate
uncertainty, whereas NBPI provides coherent predictions. For lower records with greater observed variability, Bayesian
prediction performs well and offers both point estimates and credible intervals, giving a more complete picture of expected
future extremes.

7. Conclusion

This study has developed a comprehensive inferential framework for analyzing current record data from the Fréchet
distribution, addressing both estimation and prediction challenges that arise when only record-breaking observations are
available. The research contributes several key methodological advancements and practical insights to the statistical
literature on record-based inference.

First, explicit closed-form expressions were derived for the cumulative distribution functions and probability density
functions of both upper and lower current Fréchet records. These foundational results provide the mathematical basis for
subsequent inference procedures and extend the theoretical understanding of record statistics under heavy-tailed
distributions. The derived expressions reveal how the record-generating mechanism interacts with the Fréchet
distribution’s characteristic tail behavior, offering insight into the probabilistic structure of extreme sequential observations.

Second, moment expressions for current record values were obtained, thereby enabling the characterisation of central
tendency and dispersion. These moment formulas are particularly valuable for applications that require quantitative
summaries of record behavior, such as risk assessment and reliability analysis, where the expectations and variances of
extreme values play crucial roles in decision-making.

Third, robust estimation procedures were developed using both maximum likelihood and Bayesian approaches. The
simulation study demonstrated that both methods perform well across various parameter configurations, with Bayesian
estimation showing particular strength in small- sample settings through its incorporation of prior information. The
comparative analysis revealed that inferences based on lower current records generally exhibit greater stability than those
based on upper records, reflecting the inherent variability of extreme upper observations under heavy- tailed distributions.
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Fourth, two complementary prediction approaches were proposed: non-Bayesian prediction intervals based on
distributional properties of record sequences, and Bayesian predictive intervals derived from posterior predictive
distributions. These methods enable reliable forecasting of future record values and record ranges, with applications in
monitoring, early warning systems, and performance assessment. The Saudi industrial data application illustrated the
practical utility of these prediction methods in real-world settings, highlighting their relevance to industrial monitoring and
reliability engineering.

The methodological developments presented in this work have several important implications. For statistical theory,
they extend the record-based inference toolkit to encompass the Fréchet distribution, which is fundamental in extreme
value analysis. For applied researchers, they provide concrete procedures for analyzing record data when complete samples
are unavailable—a common scenario in reliability testing, environmental monitoring, and financial risk assessment. The
integration of Bayesian methods offers particular advantages in settings where prior information is available or data
limitations necessitate careful quantification of uncertainty.

Looking forward, several directions for future research emerge from this work. Extensions to more complex models,
such as mixtures or composite Fréchet distributions, could enhance applicability to heterogeneous data settings.
Developing sequential prediction methods that update as new records are observed would be valuable for real-time
monitoring applications. Additionally, exploring the performance of record-based inference under various censoring
schemes would broaden the practical scope of these methods. The application to Saudi industrial data also suggests
opportunities for domain-specific methodological adaptations, particularly in energy and infrastructure sectors undergoing
rapid transformation under Vision 2030.

In conclusion, this research provides a statistically rigorous yet practically accessible framework for current record
analysis under the Fréchet distribution. By bridging theoretical developments with applied methodology, it offers valuable
tools for researchers and practitioners working with extreme or record-breaking data across numerous scientific and
engineering domains.
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