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dynamics of the infectious disease are closely tied to the basic reproduction number,
denoted as Ry. Traditional epidemic models evaluate Ry using the next generation
matrix, but this approach is unsuitable for non-autonomous systems. As our study
focuses on pulse vaccination strategies, our system naturally falls into the non-
autonomous category. To address this, we adopt a general approach that derives
Ro in terms of spectral radii of Poincaré maps. Furthermore, we demonstrate the
existence of an infectious-free periodic solution and establish its global attractiveness
for Ry < 1 while highlighting the persistence of the infectious disease for Ry > 1.
Lastly, we conduct a comprehensive sensitivity analysis for Ry under the framework
of the Holling type |l functional response.
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1 Introduction

In the present era, improving public health has emerged as a prominent global concern, engaging individuals from all corners
of the world in extensive discussions. This widespread attention is not surprising, given that people possess an inherent desire
to lead healthy and prolonged lives. While the adoption of a healthy lifestyle can aid in the prevention of certain diseases, there
are instances when outbreaks occur that defy conventional treatment approaches. A striking example is the recent outbreak
of meningitis, which surfaced in multiple countries during the summer of 2018 (WHO, 2019). This outbreak had a significant
impact on the affected population before eventually subsiding. Consequently, the field of epidemiology assumes a pivotal role in
investigating the behavior of infectious diseases, mathematical modeling facilitates the prediction of epidemic thresholds. Such
thresholds serve as crucial parameters in delineating the characteristics of a disease and devising effective control measures.

Epidemiological models have a rich history dating back to 1927, when Kermack and McKendrick (1927) first introduced
them. Since then, numerous studies have been published, leading to advancements in formulating various models for different
infectious diseases. The general form of the model is SETRS model (Cooke and van den Driessche, 1996; Xu and Zhao, 2005),
which consists of 4 vital epidemiological subgroups: S — susceptible, £ — exposed, / — infected and R — recovered. Notably,
other models such as the SIR model, S model (Pugliese, 1990), and SIS model (Lou and Zhao, 2009) can be seen as specific
cases of the general SEJRS model. These models follow a deterministic structure, wherein transmissions between classes and
modifications in population size, such as births and deaths, are mathematically described using a system of differential equations
that govern the time-evolution of each compartment value.

To make the model more realistic, it is necessary to take into consideration the latent period, denoted as 7, which represents
a time delay. Takeuchi discusses a delayed equation for the incidence rate in relation to factor 7, but not for factor S. Specifically,
the incidence term can be expressed as £ (S(#), /(¢ — 7)) (Huang et al., 2010). The current rate of new infectious people depends
on the current number of susceptible people and the current number of infectious mosquitoes. For instance, with a latency
period of 7, the current number of infectious mosquitoes depends on the number of infectious people 7 time units ago. It is
worth mentioning thatin recent years, several studies have examined general incidence rate functions that satisfy mild conditions
(Church and Liu, 2019; Kashkynbayev and Koptleuova, 2020; Kashkynbayev and Rihan, 2021; Korobeinikov, 2006, 2007;
Korobeinikov and Maini, 2004).
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Epidemiology has emerged due to the widespread occurrence of infectious diseases, necessitating the development of effec-
tive programs to control and prevent these infections. Various methods of vaccination have been employed to combat these
diseases, including traditional approaches such as SVIR and SVEIR, where class V" represents the vaccinated population (Jiang
et al., 2009). In this analysis, we will focus on the impact of the pulse vaccination strategy (PVS) (Shulgin et al., 1998; Stone et
al., 2000), which has proven to be an effective approach to disease control.

The primary objective of PVS (Nokes and Swinton, 1997) is to minimize the number of susceptible individuals, ensuring
their direct transition to the recovered population without getting infected. This strategy involves implementing repeated vac-
cination actions within a population when the infection rate is on the rise, continuing until the spread of the disease has been
halted. Additionally, we will consider scenarios where recovered individuals may lose their immunity over time. For instance,
in the S/R model, individuals who have been vaccinated acquire complete immunity to the pathogen. Conversely, in the SIRS
model, the recovered population gradually loses their immunity, making them susceptible to reinfection.

In this work, we propose a vaccination strategy aimed at preventing the occurrence of any disease, referred to as the disease-
free state. Under this strategy, the susceptible population experiences a unique periodic solution known as the disease-free peri-
odic solution (DFPS). By analyzing the dynamics of the disease-free periodic solution, we can gain insights into the effectiveness
of this fixed and periodic vaccination strategy (Nokes and Swinton, 1995; Bai, 2015; Bai and Zhao, 2020).

To further investigate whether the disease dies out or persists, we analyze the basic reproduction number Ro. This analysis
is conducted using the spectral radius approach, which expands upon the main results of the autonomous system (Watmough
and van den Driessche, 2002). The determination of Ry serves as a crucial factor in understanding the long-term dynamics of
the disease.

In general, the concept of defining Ry in terms of the spectral radius of the next generation matrix was initially introduced
by Diekmann et al. (1990). This approach serves as an extension of the next generation matrix method.

There are numerous works on the threshold dynamics of periodic models. For instance, Xu and Zhao (2005) studied the
global persistence and extinction of a periodic competitive model by analyzing the spectral radii of the Poincaré maps associated
with linear periodic delay equations. The results were obtained in two values R* and R,, and dynamics were analyzed for two
thresholds. A similar approach was followed by Yongzhen et al. (2017) to study a SIR model with two parallel infectious stages.
However, Bai (2015) recently presented a paper on a single basic reproduction number for associated periodic equations with
impulsive effects. The author considered a bilinear incidence rate, whereas our objective is to determine Ry using the spectral
radius approach for a generalized incidence rate. In a more recent paper, Bai and Zhao (2020) have used functional analytic
methods to provide a more explicit characterization of the basic reproduction number. Church and Liu (2019) conducted a
study on an SIR model with time delay, a general nonlinear incidence rate, pulse vaccination, and temporary immunity. They
analyzed various types of bifurcations. On the other hand, Nieetal. (2018) proposed a state-dependent pulse vaccination strategy
where the threshold value depends on the number of infected individuals. In a recent study by Davies etal. (2019), a combination
of pulse vaccination and routine childhood immunization was suggested to reduce Lassa fever, which is prevalent in Sub-Saharan
West Africa.

The focus of the present paper is a delayed S/RS model that incorporates a pulse vaccination system. The model assumes
that susceptible individuals undergo a latent period after coming into contact with an infected individual. Subsequently, they
become infectious and eventually recover with temporary acquired immunity.

2 Model Formulation

In this paper, we investigate the delayed SIRS model, taking into account a pulse vaccination system. The population is di-
vided into three classes: the susceptible individuals (denoted by ), the infectious individuals (denoted by 7), and the recovered
individuals (denoted by R). The model can be described as follows:

d.

= A= RS £ (S, (=) + 2R()

‘;—f = F(S(), I(t=2)) = (p +d + D), t# kok €N

dR

=)~ uR() - 2R () 0
AS(r) = -05(¢),
Al(zr) =0, t=kwkeN
AR(t) = 65(¢),

where Ax(¢) = x(¢+) — x(¢—), and the coefficients A, |1, 2, and § are positive constants. The recruitment rate of the population
is denoted by A, the natural death rate is denoted by p, the rate of losing immunity is denoted by 2, and the recovery rate is
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denoted by 0. Additionally, the infectious compartment has an extra disease-related death rate denoted as 4. The parameter 7 is
the average length of the latent period, and w is the period between successive vaccinations. Welet @ € (0,1) denote the fraction
of susceptible individuals who are successfully vaccinated at times # = kw. We let C(X, ¥) and PC(X, ¥') denote the space of
continuous and piecewise continuous functions from a topological space X to a topological space Y, respectively. Further, let
us define C,(R) to be the Banach space of all continuous and w - periodic functions from R to R equipped with the norm
|l#|]] = max; |#;|. For a function x € C([-7,7],R"), » > 0, we define x, € C([-7,0],R”) by x,({) = x(¢ + {), for all
€ [-7,0],£€[0,v].
We consider the system (1) with the following initial conditions

S(€) = (), 1(§) = ya(£), R(E) = y3(%), ()

where 1, ¥3 € PC([-7,0],R), #» € C([—7,0],R) and satisfy ¥1(0) > 0,¥2(0) > 0, and y3(0) > 0. It worth mentioning
that Theorem 1.2.3 and Theorem 1.2.4 from Fu et al. (2005) yield that the system (1) supplemented with the initial condition (2)
has a unique solution for # > 0.

Further, we will assume that the following assumptions hold for the function £ in system (1):

(H1) £(S,0) = £(0,1) = 0;

CASE) > 0and (9f(5;1) >

oS 0 0

(H2) f(S,1) is always positive, continuous, differentiable and monotonically increasing i.e.,
forall$ > 0and/ > 0;

(H3) £(S,1) is concave with respect to /.

The assumptions (H1)-(H3) keep the model biologically feasible. The assumption (H1) means that there can be no transmission
if there is no infected or susceptible individual left. In (H2), we assume that the transmission is positive for positive susceptible
and nonnegative infected populations. Further, the transmission increases as S and 7 increase. Finally, in (H3), we assume that
the transmission rate exhibits a saturation effect with respect to the number of infected individuals (/). This means that as
I continues to increase, the rate of transmission gradually levels off or slows down. See papers by Huang et al. (2010), Zhao
(2017), and Korobeinikov (2007) with a transition function satisfying similar assumptions.

Lemma 2.1 (Gao et al., 2006). Let’s consider the following impulsive system

dz
il A
ik z(2), t+ ko

Az(¢) = -6z, t = ko,

wherea > 0,6 > 0,0 < § < 1. Then there exists a unique positive periodic solution of the above system
a a
z(r) = 7 + (z* - Z)e_b(t_k“’), ko <t < (k+ 1w,

_ _ —bw
which is globally asymptotically stable, where z* = ibz %.

3 The Basic Reproduction Number
The total population size is determined by N (¢) = S(¢) + I(¢) + R(¢). Summing all equations in the system (1) yields

dN
— = A—uN(2) -dI(z).
oy RN (2) - dI(2)
dN . . . .
Thus, we can deduce that A — (P + d)N(¢) < T < A = pN/(z). From the last inequality, the following conclusion can be

drawn:
A A
T < liminf N(¢) < limsup N () < —.
p

B+ 1= t—00

Hence, it is sufficient to consider the system (1) in a biologically feasible closed set denoted as
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A
Q- {(S,[,R) €R,[O<S+I+R< —}.
H

It can be easily verified that the set Q is positively invariant with respect to (1), meaning that any solution of (1) starting in Q
remains within this closed set for z > 0.

Next, we demonstrate the existence of a disease-free periodic solution, where the population is considered to be free of
infections, i.e., /(¢) = 0 forall# > 0. In the limiting system, we have the following relationship:

R(z) = A -S(2)
p

A
since lim sup N (¢) = E Therefore, the system (1) in the limiting case can be simplified to:

t—o00

As (A
i ) UL ®
AS(#) = -85, 1= k.

By applying Lemma 2.1, we can deduce that the system (3) possesses a unique positive w-periodic solution, which can be
expressed using the following formula:

B} A A

S() ==+ (S* - —)e_(“”‘)(’_k“’) Jhw <t < (k+ 1o,
M H

A (1-6)(1 - ¢ (mta)o)

(L= (1= g (hve0)
in Lemma 1. Therefore, we can conclude that the group of recovered individuals exhibits oscillations with the same period w.

where §* = . Itis worth noting that the stability of S(2)is guaranteed to be globally asymptotic, as stated

As aresult, the system (1) always possesses a disease-free periodic solution given by:
_ A
Ey = (S(f), 0, E - S(t))

In order to analyze the dynamics of the epidemic model (1), it is crucial to determine the threshold value known as the basic
reproduction number, denoted by Ro. Due to the discontinuous nature of the system (1), the traditional approach using the
next generation matrix technique (Watmough and van den Driessche, 2002) cannot be employed to obtain R¢. Due to the
discontinuous nature of the system (1), the traditional approach using the next generation matrix technique (Watmough and
van den Driessche, 2002) cannot be employed to obtain R. However, in our case, we can utilize a more general approach based
on the spectral radius (Bai and Zhao, 2020). Alternatively, due to the specific structure of our model, we can adopt a simpler
approach proposed by Zhao (2017). By linearizing the system (1) around the disease-free periodic solution Ey, we derive the
following linear periodic functional differential equation governing the behavior of the infected population.

dr _of30.0)

-7) — 1(z). 4

= I a0 - (w10 4)
Consider the linear ordinary differential equation:

dar

— == d+0)I(z).

T (p+d+9)1(2) (5)
Let ®(¢,5) denote the principal fundamental matrix associated with this equation, where ®(s,5) = 1 for all s € R. It is straight-

_ (=) (prd+d) _0f(8(1),0)

forward to observe that ®(z,s5) = ¢ H ,forall # > 5. Let us further define g(¢) = a7 and an operator IT as

I1(¢)p = g(¢)p(—7) forany ¢ € C([-7,0],R). One can show thatI1(z)p = fi d,lo(t,n)]p(n), ¥t € R, p € C([~7,0],R),

where o (2, ») is the normalized function satisfying

o(t7) = {_g(t)’ 7=

0, otherwise.

By virtue of condition (H2), it can be concluded that both IT and (¢, ) fulfill all the requirements outlined by Zhao (2017,
see Section 2). Namely, o(#,7) is a measurable function in (z,7) € R X R and a left-continuous function in 7 on (-7, 0).
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Furthermore, it can be demonstrated that the variation of 7 (¢, -) on [—7, 0] is bounded by ¢(#). On the other hand, since IT(z)
is w—periodic, we have sup, p [IT1(2)|| = SUP, ¢ [0.] [TI()|| < SUP, ¢ [0,] 2(2). Thus, we define two linear operators on C,, as
follows.

My(z) = I1(z) (/ D+t =5+ )y(t—s+-)ds|, Ve eR, ye C,,
0

and

Noy(z) = ‘/ODO@(t,t—J)H(t -yt —s+-)ds, Ve € R, y € C,.

Note that the spectral radii of the operators M and N\ are equal. This can be observed by considering two bounded linear
operators, U and 7, on C,, defined as follows:

Uy(t) = / D(t,t —s5)y(¢t —s)dsand Vy(z) = I1(2)y:, y € C,.
0
It follows that M = V o Uand N = U o V. Hence, the spectral radii of M and N, are equal. As a result, following
the procedures outlined by Zhao (2017), we can conclude that the basic reproduction number, denoted as Ry, is defined as the

spectral radius of either the operator M or the operator N, ie., Rg i= (M) = r(N). Let us continue with Ry = 7(M).
We observe that

My(2) = I1(2) (/Oooé(t+ St—s+)y(t—s+-)ds

=g(t)‘/qu)(t—r,t—s—r)y(t—s— 7) ds

=g(2) /oo O(t—7,t—5)y(t —s)ds

—g(r)/ =G 60 (4 _ ),
Thus, R satisfies the following eigenvalue problem.

R = (0 [ -0 g ©
Differentiating the last equation yields
Ry 0 =g(0) [ 090y i g () [0 9a

_ _g(t)e—(pHdJrS) (.\'—T)y(t _ j) )

e d+ ) / O CE WA

g(([)) o~ (htd+d) (;—r)y(t —5)ds
6= 5) = (wd+ DRy (1) + S5 R0

The last equations leads to

7O _g0 g0yt L

yW ) g6)  Ro ()
Observe that y(w) = y(0) and g(w) = ¢(0). Integrating the last expression from 0 to w yields

_ 1 / ye-7 / I S@,0y¢-7)
w(p+d+y) (2) a)(p+d+7) ol y(2)

In the absence of time-delay, 7 = 0, the last formula yields

g

af (S (f) 0

Ro= w(p+d+7/)/
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Note that the operator <M can be rewritten as

My(t) = / K(2,)y(z = s)ds, (8)
0
where the kernel function K (2, s) is given by

K(t,s) = g(t—s+ T)e_(“+d+5)<“7), ifs > 7,
0, ifs<7.

4 Global Attractiveness

Letusdefineforany ¢ € C([—7, 0], R), an operator P(¢) such that P(¢)¢ = #,(¢) is the unique solution of the system (4). Then,
it follows that P := P(w) is the Poincaré map of the system (4). In what follows, we will utilize Theorem 2.1 and Theorem 3.1
from Zhao (2017) in the proof of our results. Therefore, we present these theorems below for reference:

Lemma 4.1 (Zhao, 2017, see Theorem 2.1). Let r(P) be a spectral radius of P. Then sign(Ro — 1) = sign(r(P) — 1), i.e,
Ry and r(P) have the same threshold value.

Inr(P
Lemma 4.2 (Zhao, 2017, see Theorem 3.1). Let p = nr( ), then there exists a positive w—periodic function v(t) such
w

that " v(r) is a positive solution of the system (4).

_ A
Theorem 4.1. The disease-free periodic solution of system (1) (S(2),0, E -5 (t)) be globally attractive if Ry < 1, then the
disease-free periodic solution Ey is globally attractive for system (1) in PC([—7,0],R3).

Proof. Note that from the system (1) it follows that
j;j <(a+p) (% —S(t)).
Thus, we consider the following comparison equation for the system (1):
_ A
;il—f(f) =(a+p) (E —S(f)) , t# ko,
AS(z) = -68(¢), t = ko.

By utilizing Lemma 2.1, we can establish the existence of a globally asymptotically stable positive periodic solution denoted by
S8*(#) for the aforementioned system. Applying the comparison theorem for impulsive differential equations (Lakshmikantham
et al., 1989), we can conclude the existence of a natural number 7; > 0 satisfying the inequality:

S(t) <8(t) <8(t) +e, kw<t<(k+w, k> n.

As aresult, under the condition (H2), there exists another natural number 7, > 7; such that the following condition holds for
t>2Hh=mw+r.

dt

Next, we consider the following perturbed system.

a ‘WS(;#IU — D) = (p+d+ D).

I _df(5(:) +2,0)

7 T I(t-7) = (p+d+I(2). (9)

Let P, denote the Poincaré map of the equation (9). According to Lemma 4.1, Ry < 1if and only if #(P) < 1. Moreover,
the inequality lim,, 7(P;) = 7(P) < 1 holds since the operator 7 is compact and continuous in the operator norm with respect
to ¢ (Kato, 1995). Thus, we fix a sufficiently small number ¢ > 0 such that #(7;) < 1. By Lemma 4.2, there exists a positive

In(r(2.))

w-periodic function v,(#) such that e#v,(z) is a positive solution of (9), where p, = < 0. Furthermore, applying the
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comparison theorem for impulsive differential equations (Lakshmikantham etal., 1989), we can find a suitably large /7 > 0 such
that
I1(2) < He"v,(2), forallt > 1.

Thus, from the inequality above we conclude that
lim 7(¢) = 0.
11—

A

A
On the other hand, we have shown that N (¢) satisfies — < liminf N(#) < limsupN(¢z) < —. Thus, for¢ > 0 there
B o0 =00 B
exists a natural number 73 with z3w > #; such that
A A
I(t)<g and —— —g <N(t) < — +¢, for ¢>nsw. (10)
p+d H

Using the inequalities in (10), the condition (H2), and the fact that S(#) < N (), we obtain the following inequality

fl—f =A-f(8(0),1(z - 7)) —puS(#) +a(N(2) = 5(2) = 1(2))

A A
ZA_f(E +51,51)—HS(t)+zx(u+d—z1—S(f)—fl

= (A+ p‘z_}[_\d —f(% +£1,£1) - 20521) - (nc + H)S(f)

We consider the system

dsfl alh A S
W = (A + m - (F + 51,51) - 20551) - (ZX + p)Sﬂ (t)’ t# ke

AS, (1) = =685, t=ko.

(1)

Lemma 2.1 implies that the system (11) has globally stable w—periodic solution S.,. By employing the comparison principle for
impulsive systems once again we conclude that there exists a natural number 74 such that

321 <S8 <8@) +e, ko <t < (b+Dw, k> ny

As ¢ is chosen arbitrarily small and limO S, (¢) = 8(¢), from the above inequalities it follows that
5 hd
lim §(z) = S().

A
We conclude the proof by realizing that tlim (R(t) - (E - S(t))) =0. O

Theorem 4.2. If Ry > 1, then there isa p > 0 such that every positive solution u(t,¢) = (S(¢),1(¢), R(¢)) of (1) satisfies
lign inf I(¢) > p, for large enough value of t and any ¢ € PC([—7,0],R3), where $,(0) > 0.

Proof. 1f Ry > 1 Lemma 4.1 yields #(P) > 1. Let P, be the Poincaré map of the perturbed equation below

Al [3f(8(1) = 7,0)
dr oI

)1(t—7)—(p+d+3)1(t). (12)
Let us fix a sufficiently small number y > 0, such that 7(P,) > 1and y < inf,>¢ S(t) as lirr%) r(Py) =r(P) > L
}/—)
By Lemma 4.2 we obtain a positive solution ¢*7*v,(¢) of (12), where v,(¢) is a positive w—periodic function and p, =
In r(P.
# > 0. Let us consider the following system
w
das ad A
— (@) =|A+— —f(—=+¢¢e) = 22e| — (a+ W)S(2), ¢+ ko,
dr H H
AS(2) = =65(p), t = kw.
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Lemma 2.1 indicates that this system possesses a globally asymptotically stable positive periodic solution Se(r), which can be
expressed as lime — 0(Se(2) = 8(2)) = 0. Consequently, we select a sufficiently small ¢ > 0 to ensure that

5.0 > 8 - g forallz > 0. (13)

Next, we choose a small number 7 > 0 such that 7 < min {%5, 5} and assume that /() < yforall# > # with any zy > 0. In

this scenario, it follows that 7(#) < 7 < ¢, and

ddij — A= pN() —dI() > A - pN(2) - de,

The above inequality implies that there exits ; > £y such that

A —de

N(z) = —¢, forallz > #.

Thus, forany ¢ > 7, ¢ # kw, we have

% = A= pS() = £(S(e), I(t = 7)) + 2 (N(£) = S(£) = I(2)) > (A + % .y (% e, g) - szg) —(z+ P)S(2).

By applying the standard comparison theorem and combining it with the inequality (13), we can conclude the existence of
t > 1y such that the following inequality holds for all # > #,:

S(e) 2 5(2) > 8.(2) - g > 8() - y. (14)
Furthermore, since the function / is monotone with respect to S and concave with respect to /, we can deduce that forz > #3 =

ty + 7, where 7 is a specific value,

dl

= =~ 1 =7)) = (p+d +9)I()
> f(5(t) =y, 1(t = 7)) = (n+d +3)I(2)

5 (3f(3—%0)

37 )1(t—r)—(p+d+3)](t).

Let us choose a positive number K such that
I(z) > Kze”Vtvy(t) and Kze”Vtvy(t) <y, fort € [1,23].

Then by the comparison theorem (Smith, 1995) there exists z4 > #3 such thaty < 1(¢) < efor¢ € [#3, #4]. Thisis a contradiction
to our assumption that /(z) < 5. Thus, it follows that either

(i) 7(z) = » for all sufficiently large z.
or
(ii) Z(z) oscillates about 7 for all sufficiently large z.
It is clear that if (i) is true, then Theorem 4.2 is proved. Thus, we need to show Theorem 4.2 holds true in the case (ii). Let us

define p = min {g, 776(”“’1”)7} and take 77 and 75 such that

I(Ty) = I(T2) = », 1(2) < p, fort € (T3, T3),
where 77 is considered to be sufficiently large to satisfy
S(2) > 8(z) — y, fort € [T1, T2). (15)

Note that /(#) is uniformly continuous for any # > 0 since the infectious compartment I’ () of our model (1) is bounded
forall # > 0. Hence, there exits t* € (0, 7) such that 7(¢) > g for [ T3, T + ¢*]. In what follows, we consider all possible cases

regarding £*.
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@) 75— Ti < £, then I() > g Vie [Ty, Tol.

(b) Ift* < Ty—Ti < 7,then(z) > ¢~ (M+d+9)7 = ;76_(”””3)7 forr € [Ty, T5] since I’ (¢) = —(n+d+9)I(¢) and I(T7) = 7.

(c) If T» — Ti > 7, we obtain I(z) > ¢~ (H+4+9)7 = ;767(‘”‘“5)7 fort € [T, T1 + 7]. We claim the same inequality holds for
t e [T1 + 7, Tz].

Suppose it does not hold. Then, there exits #; > 0 such that 7(z) > ;76_(“””5)’ forallz € [Ty, i + v+ {1, [(T1 + T+ 1)) =
;76_(”+d+5)7, and 7(z) < 776_(“+d+5)r, for0 <z — (T1 + 7 + ) < 1. Thus, by means of (15) we have

AF (S = v,0

Al (SO =r0) 1 (wsds 1), for0<r— (T +7+7) < 1.
dt ol

Let us choose a number K3 > 0 such that

1(2) > Kz3e"'v,(2), for,t € [Ty + 4/, T + 7+ 1] and K3e”7(Tl+tf)Vgl[i&]vy(f) > ¢~ )T,

Applying the comparison theorem yields
I(t) 2 e W7 for 0<t— (N1 +7+16) <1

which contradicts the assumption. Thus, we get I(¢) > p, forallz € [T7, T>]. Since this interval was chosen arbitrarily, we
conclude that for large enough ¢ the following inequality holds

1(z) 2 p.

This finalizes the proof. O

5 Numerical Approximations and Sensitivity Analysis

While it is that the basic reproduction number Ry depends on pulse vaccination parameters ¢ and , the explicit relationship is
not apparent from formula (7). In this section, we will explore a numerical approximation of Ry and simulate its dependency
on ¢ and . To accomplish this, we will employ the discretization approach proposed by Bacaér and Guernaoui (2006). To this
end, we substitute x = # — s in (6) and using w-periodicity of y to obtain

t—7
RO}’(t) :g(t)/ 6—(p+d+3)(t—z'—x)y(x) dx

t—7 0
=g(t) (/ 67(p+d+a\)(tfrfx)y(x) dx+2/
0 n=0*"

- ¢(0) (/[T e 2= Z/we—(p+d+3)(t—7'+(n+1)w—x)y(x) dx).
0 = Jo

—wn

w(n+l)

67(p+d+$) (tfrfx)y(x) dx)

Interchanging the summation with the integral and noticing that

[oe]

ZE—(p+d+5)(t—r+(n+1)w—x) _ ey
1= 67(p+d+3‘)a)

p+d+9) (r—r+w—x)
n=0

we arrive at
2] e—(p+d+3) (t—7+w—x)

t—7
_ —(p+d+9) (t—7—x)
Roy(¢) = ¢(2) (/0 ¢ y(x)dx+/0 e Y@z (16)

Now that we have the integrals over finite intervals, we can approximate the variable y using vectors by employing discretization.
For the sake of simplicity, we may assume that the incubation period 7 is less that the vaccination periods w. For any natural
number N we define #; = iw/N fori = 0,1,2,..., N. These points partition the interval [0, w] into N equal sub-intervals so
that the periodic and continuous function y can be approximated by N-dimensional column vector ¥ = (Yo, 11,..., Yn-1) r
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for sufficiently large N, where we set Y; := y(#;). In other words, for any #;, where 7 = 0,1,..., N — 1, we can approximate the
second integral in Equation (16) as a Riemann sum:

/w o~ (Wtd+d) (ti—7+w—x) w N-1 o~ (Wtd+d) (ti—7+a—1;)
0

1 — ¢~ (ptd+d)e () doc = ]\}E)nm N Z(; 1 — ¢~ (p+d+d)w Y.
=

On the other hand, the first integral depends on whether ¢ — 7 is positive or negative. Let £ be such that #; < 7 < #44 so that
ti—th <t;—7 < t; —t;. Then, if 7 > kwe have t; — t;, = t;_; so that

ti—7 i—k
—(p+d+3) (t—7—x) Z o 2 —(p+d+3) (t;—7—1;) v
‘/0‘ e~ (ptat Txy(x)dx_j\;gnwﬁze p+d+ rj)?
7=0
If 7 < k, then
ti—7 w a) N-1
/ e*(u+d+5)(tz'*7*x)y(x) dx = _/ 5*(H+d+5)(tz'fr+w*X)),(x) de = lim —— Z 6*(H+d+5)(f;'*1’+w*lj)y},'
0 wtti—7 Noow N PR v

Putting all of this together, we observe that for sufficiently large N, the spectral radius po which satisfies the eigenvalue problem
PO Y =AY

provides a reliable approximation for Ry, where 4 is an N X N matrix with entries

e—(p+d+3)(tl._r—zj) if 7>k and j. <i—k

s gt we™ (W) (=rro=ty) N gt)w 0 if i>k and j>7—k, 17)
g N1 - 6—(|,1+d+3)w) N e~ (WHd+d) (ti=rra—t) i ; <k ifj >N+i—k
0 if i<kif j<N+i-k

We consider £(S,1) = fSI/(N + 5S) where 8 represents the transmission rate and 7 represents the saturation rate. In our sim-
ulation, we specifically focused on capturing the dynamics of COVID-19 in Kazakhstan, and to ensure consistency, we set the
parameter values according to Table 1. It is important to note that we implemented the simulation using the Python 3 program-
ming language. We have included the appropriate references in Table 1 for parameters that have been previously documented
in the literature. While our parameters may exhibit slight variations compared to the referenced sources, it is important to ac-
knowledge the presence of conflicting findings in the field of parameter estimation, as numerous research studies have reported
disparate results. However, for parameters that are not explicitly mentioned in previous studies, we have ensured that they fall
within a legitimate interval. The legitimate interval refers to a range of values that are considered plausible and reasonable for
the given context. While we cannot provide specific references for these parameters, their values have been carefully selected
based on expert knowledge, empirical data, or theoretical considerations. The choice of parameter values within the legitimate
interval is crucial to ensure the validity and accuracy of the numerical simulation. Finally, it should be noted that the accuracy of
parameter values does not play a crucial role in sensitivity analysis. Using these parameter values, we can now estimate the basic
reproduction number, Ry, through the numerical approximation py described earlier.

We know that with N — oo the spectral radius py of an N X N matrix equals Ry. The Figure 1 presents the results of
approximation for values of N < 1000. It is evident that for IV greater than 500, we obtain a reliable estimation of R, which is
approximately 0.83.

To simulate the disease dynamics we fix initial values to be S(0) = N(0),/(0) = 20000, and R(0) = 200000. We first
examine the dynamics in the absence of vaccination, which implies £ = 0. In this scenario, the basic reproduction number is
calculated to be Ry = 2.19, and the simulation results are presented in Figure 2. It can be observed that the system tends towards
an endemic equilibrium.

If we keep & = 0.4 as in Table 1 then the system approaches to disease free periodic solution Eq described in Section 3. This
is in accordance with Theorem 4.1, given that Ry = 0.83 < 1.

On the other hand, if we reduce the vaccination rate to 8 = 0.1, then the system becomes unstable with Ry = 1.63, as
depicted in Figure 4. In this case, the disease continues to persist, which aligns with Theorem 4.2.

For sensitivity analysis, as outlined by Li (2018), we present the elasticity of R with respect to a parameter A, denoted as
It is computed using the formula:

A
Ro*

;R 2

R = 82 Ry’
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Figure 1: Numerical estimation of Ry.

Table 1: Baseline parameter values and local sensitivity analysis.

Parameter Variable Base Value Reference Elasticity
Total population N(0) 18000000 BNS, 2022 -1.00
Recruitment rate of population A 1000 days_1 BNS, 2022 1.00
Natural death rate B 0.00004 dalys_1 BNS, 2022 -1.00
Transmission rate 8 0.015 days_1 1.00
Latent period T 7 days Balram etal., 2021 0.83
Rate of loosing immunity a 0.01 days_1 Nick et al., 2022 0.63
Recovery rate ) 0.07 days_1 Elsawah etal., 2021 —0.84
Disease-related death rate d 0.015 days*1 Bakasisetal., 2021  —-0.16
Vaccination period w 30 days —0.04
Vaccination rate g 0.4 days_1 -0.78
Saturation rate 7 0.001 dzlyf1 —0.0005
le7
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Figure 2: Disease dynamics without vaccination, Ry = 2.19.
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To this end, we approximate partial derivatives numerically employing the approximation R

AL =10719). The results of analysis are presented in the last column of Table 1. For example, 520

in the vaccination rate ¢ = 0.4 leads to —0.78% change in the reproduction number Ry = 0.83. On the other hand, é‘io =1

suggests that 1% increase transmission rate 4 increases R by 1% which is higher than sio = —0.78. We note that the transmission
rate can be regulated through measures such as social distancing (e.g., lockdown measures) and awareness campaigns. However,
it is important to consider that strict lockdown measures may have more significant economic impacts compared to vaccination
strategies.

Although elasticity analysis provides valuable insights into local sensitivity, it may not capture the overall global picture. In
order to obtain a comprehensive understanding, we conducted a global sensitivity analysis of Ry with respect to both the latent
period 7 and the vaccination rate ¢, as depicted in Figure 5.

Our findings reveal that variations in the latent period 7 have a negligible impact on Ry. This suggests that changes in the
duration between infection and the onset of infectiousness have little effect on the reproduction number.

We also report the sensitivity of R to vaccination period w, see Figure 6

6 Discussion and Conclusion

In this article, we study non-autonomous epidemic model SIRS with pulse vaccination and nonlinear incidence. Under mild
conditions, we prove the global stability of disease-free periodic solution when the basic reproduction number is less than 1,
cf. Theorem 4.1. Moreover, when Ry > 1, we show in Theorem 4.2 that the disease free periodic solution is unstable, and
the disease persists. Our second numerical simulation, see Figure 4, suggests that, in fact when Ry > 1, the endemic periodic
solution should be globally stable. This could be an interesting research question to explore in the future.

In our study, we express the basic reproduction number Ry as the spectral radius of an operator and derive an exact formula
when the latent period 7 is 0. Additionally, we obtain a numerical approximation for Ry. Furthermore, we conduct a sensitivity
analysis of Ry with respect to various epidemiological parameters. To this end, we estimate the elasticity for each parameter, as
presented in Table 1.

One unexpected observation is that the elasticity of Ry with respect to the vaccination period w is negative. This implies
that an increase in the pulse vaccination periods might lead to a decrease in Ry. The estimated elasticity of Ry with respect to
the vaccination period w is calculated to be —0.04, which is equivalent to —4%. Despite the magnitude, this value is considered
insignificant. However, based on the insights provided by the global dynamics depicted in Figure 6, we expect the elasticity to
be positive. It is important to note that due to the lack of an explicit formula for R, we relied on a numerical approach for
approximation. Additionally, since it is not possible to compute partial derivatives of RO with respect to w directly, we resorted
to numerical approximation once again. We believe that the observed negative elasticity with respect to  could potentially be
attributed to numerical approximation errors.
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Figure 6: Global sensitivity of Ry to vaccination period w.
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