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ABSTRACT

In this paper, we developed a multi-patch model for the spread of Zika virus in-

fection taking, into account direct and indirect transmissions along with vertical

transmission. The model was analyzed to gain insights into the disease's spread.

The model was �tted to a data set collected from two neighboring countries, Brazil

and Colombia, to estimate some of its parameters and use it for calculating ℜ0 and

sensitivity analysis. Our results show that ℜ0 is less than one in both countries,

which indicates that the disease will die out. Also, our results show that direct

transmission is the most important route for spreading the disease; hence, it has to

gain more focus in any controlling strategy.
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1 Introduction

Zika virus is a virus of the genus Flavivirus, a member of the Flaviviridae family (Sherly and Bock, 2022; Wiratsudakul et al.,
2018). In 1947, researchers were studying yellow fever in the forests of Uganda and identified the Zika virus in rhesus monkeys
(Wiratsudakul et al., 2018). The first Zika virus outbreak outside of Africa and Asia was discovered in April 2007 on the island
of Yap. The highest outbreak of Zika infection was reported in French Polynesia in 2013–2014, with an estimated 30,000 cases
(Goswami et al., 2018). Following the commencement of an outbreak in Brazil in May 2015, the Zika virus has gained worldwide
interest. Five months later, the Zika virus outbreak began in Colombia (Mattar et al., 2017). Since then, nearly 500,000 cases
have been documented in more than 40 countries and territories (Maxian et al., 2017). Zika virus is transmitted through bites
of Aedes female mosquitoes, which are typically found in Tropical and subtropical areas (Wiratsudakul et al., 2018). In 2008, it
was discovered that the Zika virus has the potential for sexual (direct) transmission, which has never been seen before with other
arboviruses (Agusto et al., 2017). In (Towers et al., 2016), based on the data from Colombia in 2015/2016, modelling analysis
estimates that up to 47% of Zika virus cases were due to sexual contact.

Aside from these transmission routes, the virus can be transmitted vertically from a female to her infants in both mosquitoes
and humans (Biswas et al., 2020; Bonyah et al., 2017). Zika-related deaths are uncommon; many people infected with the Zika
virus have no symptoms or have mild symptoms that last a few days to a week, like rash, joint pain, and conjunctivitis (Cruz-
Pacheco et al., 2019). It is estimated that approximately 80% of those infected with Zika are asymptomatic (Moreno et al., 2017).
There is no definitive treatment for the Zika virus except controlling vectors with an insecticide spray, destroying larval breeding
habitats (Bonyah et al., 2017) and slowing down or even stopping human movement or travel to affected areas.

The persistence of human mobility through distinct communities (patches or nodes) in a meta-community is an essential
aspect to include in mathematical models of Zika disease because humans’ mobility enhances both direct and indirect trans-
mission, and it has the potential to accelerate the spread of the infection in the population. In order to describe the impacts
of mobility in epidemiology, there have been two different approaches in the literature, namely the Lagrangian and the Eule-
rian approaches. Without explicitly simulating the flux of individuals, the Lagrangian technique tracks the effect of visits. This
technique is more natural since it simulates short-term repeating motion patterns. On the other hand, the Eulerian approach
illustrates actual people flux (Velázquez-Castro et al., 2018).

Different scientists and studies discussed the multi-patch mathematical models. In particular, Bichara and Castillo-Chavez
(2016) discussed a mathematical model of a vector-borne disease via a general SI framework to account for vector dynamics
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and an SIS framework to account for host dynamics to better understand the impact of host mobility on disease dynamics.
A Lagrangian framework is used to explain host dispersal. Multi-group of the SEIR epidemic model where infectivity may
depend on infection age is presented in the work of Bajiya et al. (2021). Velázquez-Castro et al. (2018) proposed a model of a
meta-population framework using a Lagrangian approach to account for human intra-urban movement. They focus on two
transmission indexes that influence infection spreading caused by: human behaviour and the particular spatial distribution of
mosquitoes. Bonyah et al. (2017) construct a mathematical model for the Zika virus where the human population is divided
into four sub-classes while the mosquito population is divided into three sub-classes. They incorporate time-dependent optimal
controls, such as bed nets, pesticide treatment, and insecticide spraying. Furthermore, Velázquez-Castro et al. (2018) developed
and analyzed a multi-fold Zika virus model. They considered overall Zika virus transmission in the adult and infants populations,
separately through direct and indirect transmission routes.

In this paper, a two-patch vector-host mathematical model of the Zika virus is constructed to investigate the human move-
ment’s effect on disease transmission between nearby cities. This was a case study of Brazil and Colombia, where the model was
fitted to real data, and some of its parameters were estimated. The rest of the paper is organized as follows: the model’s build-
ing is presented in Section 2, and Section 3 contains some basic mathematical properties of the model. Next, the case study is
presented in Section 4. Finally, we conclude our work in Section 5.

2 Model Formulation and Equations

To build our model, we consider the dynamics of the disease in a population involving two patches, where both hosts and vectors
are included in each patch and connected by human movement. Vector’s mobility across patches is ignored in our model as
mosquitoes do not commonly travel long distances for a blood meal (Agusto et al., 2017; Russell et al., 2005). Because of this
mobility, both direct and indirect transmissions occur at the same time, and the disease spreads across cities’ borders. We limit our
study to the case where the model (1) incorporates the state-dependence residence function, which accounts for the prevalence
of infected vectors in each patch. That is, individuals are appealing to travel or move to areas (patches) with fewer infected
mosquitoes, and they avoid visiting places with a high number of infectious mosquitoes. In each Patch i, the dynamic of the
host populations is described by a SIR scheme with susceptible Shi , infected Ihi and recovered Rhi . The susceptible individuals
are recruited (died) through birth (death) at the per-capita rate µH , and they recover from infection at the per-capita rate γhi .
The vectors’ populations follow the SI framework with susceptible, Svi and infected, Ivi . Both the host and vector populations
are considered to be constant, i.e. Shi + Ihi + Rhi = Nhi and Svi + Ivi = Nvi such that Nhi and Nvi denote the total host and
vector populations of Patch i for i = 1, 2, respectively. In humans, vertical transmission of the Zika virus has been confirmed; it
was anticipated to pose 47% (Ades et al., 2021). In addition, the Zika virus has been reported in field-collected, larvae (5.49%),
pupae (5.00%) and adult mosquitoes (6.99%), implying that Zika virus can be transmitted vertically in mosquitoes (Lai et al.,
2020). Zika virus is assumed to spread by mosquitoes’ bites in two types of host-vector interactions: susceptible mosquitoes (Svi)
may engage with infected humans (Ihi) at a rate of βhvi , and infected mosquitoes (Ivi) may interact with susceptible humans (Shi)
at a rate of βvhi . Note that the risk of infection β in Patch i differs by the patch to reflect spatial differences in potential infectivity
(Bichara et al., 2015). Recent research has revealed that the Zika virus can be spread by vectors and sexual intercourse, as reported
in 2016 (Biswas et al., 2020). Moreover, Zika virus transmission occurs when a susceptible and infectious individual in each sub-
population i comes into adequate contact at a rate of βhhi . We assume that the mobility pattern between the two patches is mostly
Lagrangian (Bichara et al., 2015) (i.e., temporary movement rather than permanent migration) such that individuals in Patch i

residents spend on average pij ∈ [0, 1] time in Patch j with
∑j=2

i=1 pij = 1. A residence times matrix P =
[
pij

]
1⩽i,j⩽n ∈ R2×2

+ is
used to track host-residence status and movements across patches, where pij is the fraction of time residents of Patch i spend in
Patch j. This contact brings its own epidemiological dynamics, including being infected by or infecting members of their patch
or the other patch and how much time members spend in their own patch or in the other patch (Lee et al., 2020). As a result,
the incidence rate at which individuals from Patch i for i = 1, 2, residents in Patch j for j = 1, 2, become infected weighted by
the host’s interactions in each patch given by

( in Patch 1︷                          ︸︸                          ︷
βhh1p11

(
p11Ih1 + p21Ih2

p11Nh1 + p21Nh2

)
+

in Patch 2︷                            ︸︸                            ︷
βhh2p12

(
p12Ih1 + p22Ih2

p12Nh1 + p22Nh2

) )
Sh1

and ( in Patch 1︷                           ︸︸                           ︷
βhh1p21

(
p11Ih1 + p21Ih2

p11Nh1 + p21Nh2

)
+

in Patch 2︷                            ︸︸                            ︷
βhh2p22

(
p12Ih1 + p22Ih2

p12Nh1 + p22Nh2

) )
Sh2 .
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Figure 1: Flow chart of the proposed model (1).

Additionally, the number of newly infected Patch i for i = 1, 2, residents throughout their stay in Patch j for j = 1, 2,
weighted by host-vector interaction in each patch is calculated as follows:

( in Patch 1︷              ︸︸              ︷
βvh1p11Iv1

p11Nh1 + p21Nh2

+

in Patch 2︷              ︸︸              ︷
βvh2p12Iv2

p12Nh1 + p22Nh2

)
Sh1 and

( in Patch 1︷              ︸︸              ︷
βvh1p21Iv1

p11Nh1 + p21Nh2

+

in Patch 2︷              ︸︸              ︷
βvh2p22Iv2

p12Nh1 + p22Nh2

)
Sh2 ,

where, as long as there is a k such that pkj > 0, resulting in a nonzero population in the Patch j, the
∑2

k=1 Nkpkj represents the

total effective population of Patch j such that
∑2

k=1 pkjIk are infected. Therefore,
∑2

k=1 pkjIk∑2
k=1 Nkpkj

denotes the proportion of infected

individuals in Patch j. This effective population of Patch j reflects the population’s temporal dynamics in Patch j weighted by
each group’s mobility patterns and epidemiological state. The dynamic of the model is described in Figure 1.

When these assumptions are applied, the following set of nonlinear differential equations emerges:

S′h1 = µHNh1 − µH ε1Ih1 −
(
λvh1 + λhh1

)
Sh1 − µHSh1 S′h2 = µHNh2 − µH ε2Ih2 −

(
λvh2 + λhh2

)
Sh2 − µHSh2

I ′h1 = µH ε1Ih1 +
(
λvh1 + λhh1

)
Sh1 − (γh1 + µH )Ih1 I ′h2 = µH ε2Ih2 +

(
λvh2 + λhh2

)
Sh2 − (γh2 + µH )Ih2

R′
h1
= γh1Ih1 − µHRh1 R′

h2
= γh2Ih2 − µHRh2

S′v1 = µVNv1 − µV ε3Iv1 − λhv1Sv1 − µV Sv1 S′v2 = µVNv2 − µV ε4Iv2 − λhv2Sv2 − µV Sv2
I ′v1 = µV ε3Iv1 + λhv1Sv1 − µV Iv1 I ′v2 = µV ε4Iv2 + λhv2Sv2 − µV Iv2

(1)

such that

λvh1 =
βvh1p11Iv1

p11Nh1 + p21Nh2

+
βvh2p12Iv2

p12Nh1 + p22Nh2

, λvh2 =
βvh1p21Iv1

p11Nh1 + p21Nh2

+
βvh2p22Iv2

p12Nh1 + p22Nh2

,

λhv1 = βhv1

(
p11Ih1 + p21Ih2
p11Nh1 + p21Nh2

)
, λhv2 = βhv2

(
p12Ih1 + p22Ih2
p12Nh1 + p22Nh2

)
,

λhh1 = βhh1p11

(
p11Ih1 + p21Ih2

p11Nh1 + p21Nh2

)
+ βhh2p12

(
p12Ih1 + p22Ih2

p12Nh1 + p22Nh2

)
,

λhh2 = βhh1p21

(
p11Ih1 + p21Ih2

p11Nh1 + p21Nh2

)
+ βhh2p22

(
p12Ih1 + p22Ih2

p12Nh1 + p22Nh2

)
,

subjected to non-negative initial conditions(
Sh1 (0), Ih1 (0),Rh1 (0), Sv1 (0), Iv1 (0), Sh2 (0), Ih2 (0),Rh2 (0), Sv2 (0), Iv2 (0)

)T , (2)
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Table 1: Description of constant paramters in model (1) constant parameters for i, j = 1, 2.

Symbol Description
µH Natural birth/death rate of humans
µV Natural birth/death rate of mosquitoes
βvhi Disease risk during the interaction of infected mosquitoes with susceptible humans in Patch i
βhvi Disease risk during the interaction of susceptible mosquitoes with infected humans in Patch i
βhhi Disease risk during the interaction between humans in Patch i
γhi The recovery rate of human population in Patch i
ε1, ε2 Probability of vertical transmission in humans in Patch i, respectively
ε3, ε4 Probability of vertical transmission in mosquitoes in Patch i, respectively
pij Time proportion spent by an individual of Patch i in Patch j

and where
Nhi = Shi (t) + Ihi (t) + Rhi (t) and Nvi = Svi (t) + Ivi (t) for i = 1, 2. (3)

The parameter descriptions for model (1) are given in Table 1.

2.1 State-dependent residence rime function

Generally, people avoid locations with a high prevalence of vectors, or spend less time in them; this human behaviour is captured
by imposing natural constraints on P entries so that the time fraction spent in a given patch is dependent on the number of
infected vectors present in that patch. Hence, we define

kij ≔ ki,j (Iv1, Iv2) for i, j = 1, 2,

to be the proportion of time a resident of Patch i spends in Patch j owing to the presence of infectious mosquitoes. We assume
that people living in a patch with a high number of infected vectors may choose to travel to a patch with fewer infected vectors
and they are less likely to travel to a patch with a high number of infectious mosquitoes. When i ≠ j, that fraction may have
attributes such as a rise about the growth of infected vectors in patch i (Ivi) or a reduction about infected vectors in patch j (Ivj)
such that

𝜕k12 (Iv1, Iv2)
𝜕Iv1

⩾ 0,
𝜕k12 (Iv1, Iv2)

𝜕Iv2
⩽ 0, and

𝜕k21 (Iv1, Iv2)
𝜕Iv1

⩾ 0,
𝜕k21 (Iv1, Iv2)

𝜕Iv2
⩽ 0. (4)

These inequalities can be minimized by utilizing the relation kij (Iv1, Iv2) + kji (Iv1, Iv2) = 1, to

𝜕k11 (Iv1, Iv2)
𝜕Iv1

⩽ 0 and
𝜕k22 (Iv1, Iv2)

𝜕Iv2
⩽ 0. (5)

The following functions can be used to represent such dependencies that guarantee the desired behaviour responses (Bichara
et al., 2015) that are described in relations (4):

kii
(
Ivi , Ivj

)
=
δii + δiiIvi + Ivj

1 + Ivi + Ivj
and kij

(
Ivi , Ivj

)
= δij

1 + Ivi
1 + Ivi + Ivj

, (6)

where (i, j) ∈ 1, 2 and δij = pij (0, 0) with
∑2

j=1 δij = 1. In the proposed two-patch system (1), the function’s forms are

k11 (Iv1, Iv2) =
δ11 + δ11Iv1 + Iv2
1 + Iv1 + Iv2

, k22 (Iv1, Iv2) =
δ22 + δ22Iv2 + Iv1
1 + Iv1 + Iv2

,

k12 (Iv1, Iv2) = δ12
1 + Iv1

1 + Iv1 + Iv2
, k21 (Iv1, Iv2) = δ21

1 + Iv2
1 + Iv1 + Iv2

,

such that δ11 + δ12 = 1 and δ22 + δ21 = 1.
If there is no disease in both patches or one disease-free patch, the fraction of time an individual spends in their patch is

nonzero in the state-dependent situation. Therefore, the following work is done by considering the state-dependent residence
functions k for the proposed meta-patch Zika model (1).
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3 Basic Reproduction Number ℜ0

Introduce that the effective density of infected individuals in Patch j is given by

ℓj ≔ δ1jNh1 + δ2jNh2, for j = 1, 2.

Model (1) possesses a unique disease-free equilibrium (DFE), provided by χ0 in the absence of infected hosts and infected
vectors in all patches. That is

χ0 ≔
(
S0h1 , 0, 0, S

0
v1 , 0, S

0
h2
, 0, 0, S0v2 , 0

)T
,

where S0
hi

= Nhi , S0vi = Nvi for i = 1, 2. The basic reproduction number is the average number of secondary cases created
by an infected individual throughout its lifetime (Bichara and Castillo-Chavez, 2016). This threshold quantity for the meta-
population model (1), indicated by ℜ0, will be computed using the next-generation operator approach (Van den Driessche and
Watmough, 2002). The right-hand side of the system (1) could be written as M +N where M is the matrix of new infection
terms in the infected compartments of the model (1) and N is the associated matrix of linear transition terms in the infected
compartments of the model (1). Let M ≔ DM, evaluated at the DFE : χ0 such that

M =



(
βhh1δ

2
11

ℓ1
+
βhh2δ

2
12

ℓ2

)
Nh1

βvh1δ11Nh1

ℓ1

(
βhh1δ11δ21

ℓ1
+
βhh2δ12δ22

ℓ2

)
Nh1

βvh2δ12Nh1

ℓ2

βhv1δ11Nv1

ℓ1
0

βhv1δ21Nv1

ℓ1
0(

βhh1δ11δ21
ℓ1

+
βhh2δ22δ12

ℓ2

)
Nh2

βvh1δ21Nh2

ℓ1

(
βhh1δ

2
21

ℓ1
+
βhh2δ

2
22

ℓ2

)
Nh2

βvh2δ22Nh2

ℓ2

βhv2δ12Nv2

ℓ2
0

βhv2δ22Nv2

ℓ2
0



,

and N ≔ DN , evaluated at the DFE : χ0 such that

N =


µH (1 − ε1) + γh1 0 0 0

0 µV (1 − ε3) 0 0
0 0 µH (1 − ε2) + γh2 0
0 0 0 µV (1 − ε4)

 ,
then the related next generation matrix MN −1 is

(
βhh1δ

2
11

ℓ1
+ βhh2δ

2
12

ℓ2

)
Nh1

µH (1 − ε1) + γh1

βvh1δ11Nh1

µV (1 − ε3)ℓ1

(
βhh1δ11δ21

ℓ1
+ βhh2δ12δ22

ℓ2

)
Nh1

µH (1 − ε2) + γh2

βvh2δ12Nh1

µV (1 − ε4)ℓ2
βhv1δ11Nv1(

µH (1 − ε1) + γh1
)
ℓ1

0
βhv1δ21Nv1(

µH (1 − ε2) + γh2
)
ℓ1

0(
βhh1δ11δ21

ℓ1
+ βhh2δ22δ12

ℓ2

)
Nh2

µH (1 − ε1) + γh1

βvh1δ21Nh2

µV (1 − ε3)ℓ1

(
βhh1δ

2
21

ℓ1
+ βhh2δ

2
22

ℓ2

)
Nh2

µH (1 − ε2) + γh2

βvh2δ22Nh2

µV (1 − ε4)ℓ2
βhv2δ12Nv2(

µH (1 − ε1) + γh1
)
ℓ2

0
βhv2δ22Nv2(

µH (1 − ε2) + γh2
)
ℓ2

0



. (7)

The basic reproduction number ℜ0 is the spectral radius of the next generation matrix:

ℜ0 ≔ ρ
(
MN −1) . (8)

A closed form of the basic reproduction number ℜ0 can be calculated using symbolic math programs. However, because of the
magnitude of our model, it is too complicated and lengthy to be presented here. Hence, ℜ0 will be calculated numerically in
later sections by substituting the values of the parameters in the next generation matrix and then calculating the spectral radius
of the matrix.
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Note that since it is computed in an infection-free state χ0, the basic reproduction number ℜ0 is the same as if we use
irreducible (constant) residence time matrixP instead ofk (Bichara et al., 2015). Moreover, ifℜ0 > 1, the infection will continue
to spread throughout all patches, and if ℜ0 < 1, the infection will die out in both patches. Hence, the value of ℜ0 determines
the local stability of the unique equilibrium χ0. So, according to (Bichara et al., 2015; Van den Driessche and Watmough, 2002),
we can establish the following theorem:

Theorem 1. If ℜ0 < 1, the DFE: given by χ0, is locally asymptotically stable. However, if ℜ0 > 1, it is unstable.

4 A Case Study of Brazil and Colombia

It has been established that human movement may extend Zika virus transmission risk to a broader demographic. Black et al.
(2019) suggested that Zika virus infections were likely imported into Colombia throughout the epidemic, which indicates that
the movement between Brazil and Colombia may be the most critical drive in the emergence of the Zika virus in Colombia. In
this section, we will apply our model to the two neighboring countries, Brazil and Colombia, to estimate the model’s parameters,
calculate ℜ0, and carry out some sensitivity analysis of ℜ0 to the model’s parameters.

4.1 Curve �tting and parameter estimation

In 2015, the Zika virus expanded rapidly in South American countries, particularly Brazil and Colombia, as reported by PAHO/
WHO (WHO, 2016). Colombia was the second Latin American country, after Brazil, that experienced many cases of the Zika
virus epidemic in 2015 (Black et al., 2019). According to the case report in (Mattar et al., 2017), the first reported case of ma-
ternal Zika virus in Colombia was comparable to those previously seen in Brazil between 2015 and 2016. In Brazil, the Zika
virus was found in 14 states, and in Colombia, out of 98 samples, nine were confirmed to be ZIKV positive. More than 6000
Zika-virus-infected individuals were reported in Brazil between October 2015 and February 2016, including 139 cases of con-
genital microcephaly. Between December 2015 and February 2016, almost 200 Guillain-Barré Syndrome cases were identified
in Colombia, possibly related to Zika infection (Goswami et al., 2018). Moreover, as announced in (Statisa, 2022), Colombia
reported 69 cases in 2022, and 94 cases of Zika virus disease in 2021, down from 165 infections the previous year. In addition,
Brazil reported approximately 17.5 thousand cases of Zika virus disease in 2021, down from nearly 19 thousand infections the
previous year. With over 200 thousand cases in Brazil and over 91 thousand cases in Colombia, in this study we use the data of
2016; this year was the most Zika infections cases in the South American country.

The proposed model (1) will now be fitted to weekly cumulative infected individuals data from the two countries, Brazil
and Colombia, reported by PAHO/WHO (PAHO, 2022). The weekly confirmed cases for the time interval of 53 weeks from
1st week of January 2016 to the last week of December 2016 are shown in Figure 2. For each fitting, the optimization function in
Matlab fminsearchbndwill be used to find the optimal values for the unknown parameters of our model. The fminsearchbnd
function is applied to minimize the sum of squares of errors (SSE) between the cumulative data of confirmed cases and the
number of cumulative infected of the model for varying parameters. To improve the fitting, we set the lower and upper bounds
for each parameter depending on the estimation of those parameters as found in the literature. Let the subscripts b and c denote
the patch residents for Brazil (Patch 1) and Colombia (Patch 2), respectively. It should be noted that the fundamental model (1)
has 20 parameters, ten of which are known from the literature or assumed to have some constant values as (µH , µV , ε1, ε2, ε3 and
ε4) and they are given in Table 2. The values of the total population sizes are also shown in Table 2. The remaining parameters
(βhvb, βhvc, βvhb, βvhc, βhhb, βhhc, γhb , γhc , δbc and δcb) are estimated by running the model (1) with cumulative infected individuals of
Zika virus for Brazil and Colombia. First, we fit model (1) by taking into consideration the state-dependent (reducible) residences
function k. The fitting of the weekly cumulative cases of both countries is displayed in Figure 3. The estimated parameters are
given in Table 3.

Moreover, the parameters (βhvb, βhvc, βvhb, βvhc, βhhb, βhhc, γhb , γhc , pbc and pcb) are estimated again by running the model (1)
with cumulative infected individuals with Zika data for Brazil and Colombia. This time we consider the time-independent
(irreducible) residence matrix P. Figure 5 illustrates the model output against the weekly cumulative Zika infection data for
Brazil and Colombia, respectively. Table 4 tabulates the estimated values of the unknown parameters obtained. Numerical
simulations of infected humans and vectors in the two patches are given in Figures 4, and 6. In Figure 4 with the state-dependent
residence matrix k, we note that the peak time of infected humans of both patches is almost the same. However, in Figure 6 with
time-independent residence function P, the peak time of the number of infected humans in Patch 1 happens more quickly
compared with the peak of Patch 1. Moreover, in Figures, 4 and 6, the number of infected in Patch 2 reaches its steady state
faster than in Patch 1.

Figure 7 shows the number of infected humans for the state-dependent and independent cases in both patches. For the
state-dependent case, it is clear that the maximum number of infected is much lower than the number of infected in the time-
independent case in both patches. In Patch 1, the number of infected cases in state-dependent cases decreases faster than in time-
independent cases. While in Patch 2 the time-independent case is much faster than the state-dependent case. For the graphs of
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Figure 2: Weekly number of cases for Brazil and Colombia, respectively in 2016.

Table 2: Values for fixed parameters.

Parameter Value Unit Source
Nhb 209568 × 103 p.(week)−1 PAHO, 2022
Nhc 48654 × 103 p.(week)−1 PAHO, 2022
Nvb 6 × 105 m.(week)−1 assumed
Nvc 3 × 104 m.(week)−1 assumed

µH 1/60 (year)−1 assumed
µV 1/14 (day)−1 Bonyah and Okosun, 2016
ε1, ε2 0.5 — Ades et al., 2021
ε3, ε4 0.06 — Lai et al., 2020

Table 3: Estimated parameters for model (1) with the state-dependent residence matrix for Brazil and Colombia (per week).

Parameter βhvb βvhb βhhb γhb δbb βhvc βvhc βhhc γhc δcc

Value 2.9567 0.0586 2.4768 2.000 0.7028 0.0660 0.0031 0.5867 0.9386 0.8378
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Figure 3: The solutions of model (1) with P matrix fitted with weekly cumulative infected individuals of Zika virus for 53
weeks in Brazil and Colombia, respectively.

Table 4: Estimated parameters for model (1) with the time-independent residence matrix for Brazil and Colombia (per week).

Parameter βhvb βvhb βhhb γhb pbb βhvc βvhc βhhc γhc pcc

Value 0.001 0.1189 1.5527 1.2060 0.7 0.0193 3.000 0.1793 1.4327 0.9490
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Figure 4: Time series of the point prevalence of infected host and infected vector in two patches (countries), connected ac-
cording to the k-time residence matrix, displaying fixed and fitted parameters of the proposed model (1) described in Tables 2
and 3.
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Figure 5: The solutions of model (1) with kmatrix fitted with weekly cumulative infected individuals of Zika virus for 53 weeks
in Brazil and Colombia, respectively.
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Figure 6: Time series of the point prevalence of infected host and infected vector in two patches (countries), connected ac-
cording to the P-time residence matrix, displaying fixed and fitted parameters of the proposed model (1) described in Tables 2
and 4.
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Figure 7: Time series of the point prevalence of infected host in two patches (Brazil and Colombia) of the proposed model (1)
according to different time-mobility matrices using fixed and estimated constant parameters in Tables 2–4.

model (1) with a state-dependent residence matrix, the movement of humans depends on the number of infected vectors in a
given patch. In contrast, for model (1) graphs with a time-independent residence matrix, the time spent by individuals in a given
patch is constant. Therefore, the overall prevalence in both patches depends on human mobility and behaviour.

4.2 Numerical calculation of ℜ0

It is important to note here that the calculation of the basic reproduction number ℜ0 depends on the estimated parameters
of the model. Here, the basic reproduction number ℜ0 will be calculated numerically by directly substituting the values of
related parameters given in Table 2 and Table 3 in the corresponding next generation matrix (MN −1), given by (7), and then
calculating the eigenvalues of the matrix. Let us denote the reproduction number of Brazil by ℜ0b , and the reproduction
number of Colombia by ℜ0c. Furthermore, ℜ0 is the spectral radius of the matrix (MN −1):

ℜ0 ≔ max{ℜ0b,ℜ0c}. (9)

Additionally, when the state-dependent function k connects the two patches (countries), we find that the reproduction number
for Brazil ℜ0b is around 0.9574, and the reproduction number for Colombia ℜ0c is around 0.1508. As a result, in comparison
to its neighbour, Colombia, Brazil had more disease risk. However, ℜ0 = 0.9574 is below one (ℜ0 < 1), which indicates that
the Zika virus in both countries will eventually die out.

Similarly, when the two patches (countries) are connected by time-independent matrix P, we find that the reproduction
number for Brazil ℜ0b is around 0.91666 and Colombia’s reproduction number ℜ0c is calculated to be 0.04658. Hence, our
calculations of basic reproduction numbers of both countries were below one (ℜ0 < 1), indicating that the disease will die out.

4.3 Sensitivity analysis

In this section, a global sensitivity analysis is used to analyze the influence of uncertainty and the sensitivity of the numerical
simulation results to alterations in each parameter of the proposed model. The Latin Hypercube Sampling-Partial Rank Cor-
relation Coefficient (LHS-PRCC) sensitivity analysis procedure has been carried out to evaluate the most sensitive parameters
in the investigation of efficient disease control methods. LHS is a so-called stratified sampling without replacement technique,
which assumes that the sampling is performed independently for each parameter. PRCC assesses the strength of the link be-
tween the model’s outcome and the parameters, indicating the magnitude of each parameter’s influence on the outcome. PRCC
values vary between−1 and 1, indicating perfect negative and positive correlations, respectively. The magnitude of PRCC shows
the parameter significance, while the sign of PRCC gives the direction of the relationship between the input parameter and the
model output. A negative PRCC value indicates that as the parameter value increases, the value of the model output decreases.
In contrast, a positive value means that as the parameter value increases, the value of the model output increases. Moreover, the
identification of the relative significance of each of the parameters is verified using p-values (probability value). The parameters
that have the most significant impact on the model are those corresponding with small p-values (p < 0.05) and large magnitude
PRCC values (0.5 < |PRCC | < 1).
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Figure 8: Global sensitivity for model (1) parameters with state-dependent function k, using parameter values in Tables 2 and 3
and the reproduction number ℜ0 as response functions, through LHS/PRCC scheme with 95% confidence interval.

By using the baseline values listed in Table 2 and Table 3, with the response function of basic reproduction number ℜ0, we
assume all model parameters are uniformly distributed while generating the LHS matrices. The LHS matrix is created, with N
rows for the number of simulations (sample size) and k columns for the number of different parameters. The models were then
subjected to 1000 simulations for each LHS run.

Figure 8 carries out the global sensitivity analysis PRCC of the model (1) to see how changing model parameters affected
the number of cases. According to our finding, as the model is subjected to state-dependent matrix k and 95% confidence
interval, the system’s basic reproduction number varies as ℜ0b = [0.9095, 1.0052], ℜ0c = [0.1432, 0.1583] and therefore
ℜ0 > 1. Hence, the most critical positive influence parameters in the spread of Zika infection are the disease risk during the
interaction between humans in both patches, in Brazil βhhb and Colombia βhhc and the time proportion spent by the individual
from Brazil in Colombia δcb. Thus, the prevalence of the disease increases (decreases) as they increase (decrease). On the other
hand, the human recovery rate in both patches γhb and γhc and the time proportion spent by individuals from Colombia in
Brazil δbc significantly adversely affect on the reproduction number ℜ0. Thus, the prevalence of the disease increases (decreases)
as they decrease (increase). Note that δcb and δbc have opposite sign sensitivity indices, since residents through continuous human
movement from the high-risk Patch (Brazil) to the lower-risk Patch (Colombia), and the inverse will be effective in curtailing or
spreading of Zika virus infection between patches. Using the baseline values listed in Table 2 and Table 4 with the response
function of basic reproduction number ℜ0. Figure 9 carries out the global sensitivity analysis PRCC of the model (1), as the
model subjected to constant time-independent matrix P and 95% confidence interval, the system basic reproduction number
varies as ℜ0b = [0.8708, 0.9625], ℜ0c = [0.04426, 0.0489] and therefore ℜ0 < 1. Hence, the most critical positive influence
parameters in the spread of Zika virus infection are the disease risk during the interaction between humans in both patches, in
Brazil βhhb and Colombia βhhc. On the other hand, the human recovery rate in both patches γhb and γhc and the time proportion
spent by individuals from Colombia in Brazil δbc significantly adversely affect on the reproduction number ℜ0. Note that pcb
and pbc have negative sensitivity indices; they have a negative impact on the influence of the disease. Since the system is in a
disease-free state in both patches, the increase in the time residents through continuous human movement from the high-risk
Patch (Brazil) to the lower-risk Patch (Colombia) will have a lower effect on the spreading of ZIKV infection between patches.
In both cases (P and k), p-values of the parameters, that are not significant using the PRCC approach are greater than 0.05, and
their variations have a negligible impact on the reproduction number ℜ0 either positively or negatively, as is clearly shown in
Figure 10.
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Figure 9: Global sensitivity for model (1) parameters of with constant time-independent matrix P, using parameter values in
Tables 2 and 4 and the reproduction number ℜ0 as response functions, through LHS/PRCC scheme with 95% confidence
interval.

Figure 10: p-values of the estimated parameters for dependent and independent residents cases, receptively.
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5 Conclusions

A vector-host meta-population model of Zika virus disease has been developed including human direct and vertical transmissions
and indirect transmission through mosquito bites. Human mobility between patches has been considered state-dependent res-
idence function k. The model was analyzed to see how human travel from one patch to another affects Zika virus transmission
over time. A case study of the movement between Brazil and Colombia was taken into account, where the model’s parame-
ters were estimated from the data of Brazil and Colombia. Our results show that the basic reproduction number for Brazil
is greater than the basic reproduction number for Colombia, and both are less than one which suggests that the disease will
be eradicated from both countries eventually. Our sensitivity analysis shows that the direct transmission of the disease has the
most positive impact on the spread of the disease in both patches, which suggests that the best control strategy is to use pro-
tection in any sexual activity. Our results also show that when the system is in the endemic state, the time spent in each patch
has a significant impact on the spread of the disease, whereas when the system is in a disease-free state, this time has a lower
impact.
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